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Seiberg-Witten-Floer Homology and Gluing Formulae
Alan L. Carey, Bai-Ling Wang
Abstract
This paper gives a detailed construction of Seiberg-Witten-Floer homology for a closed ori-
ented 3-manifold with a non-torsion Spinc structure. Gluing formulae for certain 4-dimensional
manifolds splitting along an embedded 3-manifold are obtained.
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1 Introduction and statement of results
In this paper we give a detailed account of the construction of Seiberg-Witten-Floer homology
for a closed oriented 3-manifold Y with a non-torsion Spinc structure s and discuss some appli-
cations. The basic idea is to think of the Seiberg-Witten equations as defining critical points
for the Chern-Simons-Dirac functional. This functional is on the configuration space (which
consists of pairs of U(1) connections and spinors modulo the gauge transformations) but may
have degenerate critical points. These can be removed by a suitable perturbation. To construct
the Seiberg-Witten-Floer homology one proceeds to study the time independent gradient flow
lines from one critical point to another. These flow lines or trajectories may be thought of as
solutions to the Seiberg-Witten equations in temporal gauge on the four manifold Y × R. A
suitable choice of perturbation of the Chern-Simons-Dirac functional gives the desired properties
(such as smoothness and transversality) for the moduli space of trajectory flowlines.
We now summarise the contents of the paper. In section 2, we review the basic properties
of Seiberg-Witten monopoles on a closed, oriented 3-manifold (Y, g, s) with Spinc structure s
and metric g. Section 3 gives a complete account of the infinite dimensional Morse theory for
the Chern-Simons-Dirac functional whose critical points satisfy the Seiberg-Witten equations
on (Y, g, s). The downward gradient flowline of the Chern-Simons-Dirac functional, thought as a
solution to the Seiberg-Witten equations on a cylinder R×Y , is endowed with an energy function
(22), such that when the energy is sufficiently small, the flowline stays in a small neighbourhood
of some critical point (see Lemma 3.8). This enables us to analyse the local behaviour of any
gradient flowline near a critical point in Proposition 3.9, under the small energy condition.
In order to achieve transversality for the moduli space of flowline, we adopt the sort of
perturbations suggested by Kronheimer [14] with an additional condition 3.12. We also show
that, for generic perturbations, the moduli space of flowlines with finite energy is smooth for
each connected component (cf. Theorem 3.16), which can be compactified to a smooth manifold
with corners (cf. Proposition 3.18).
The analysis developed in this paper can be applied to more general cases but we only discuss
one namely Seiberg-Witten-Floer homology theory for a closed oriented 3-manifold Y with
b1(Y ) > 0 and a Spin
c structure s such that c1(s) is non-torsion. For any rational homology 3-
sphere, there exists an equivariant Seiberg-Witten Floer homology in [20], which is a topological
invariant of the underlying manifold and Spinc structure. For the case of (Y, s) with b1(Y ) > 0
and c1(s) = 0, Seiberg-Witten-Floer homology theory will be investigated elsewhere [21]. The
results on Seiberg-Witten-Floer homology for a closed 3-manifold Y with b1(Y ) > 0 and a non-
torsion Spinc structure in this paper are summarized in the following theorem, whose proof will
be given in section 3.
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Theorem 1.1. For any closed oriented 3-manifold Y with b1(Y ) > 0 and a Spin
c struc-
ture s such that c1(s) 6= 0 in H2(Y,Z)/Torsion, let d(s) be the divisibility of c1(s) in
H2(Y,Z)/Torsion, that is
d(s) = g.c.d.{< c1(s), σ >: for σ ∈ H2(Y,Z)}.
Then there exists a finitely generated Seiberg-Witten-Floer complex whose homology HFSW∗ (Y, s)
satisfies the following properties:
1. HFSW∗ (Y, s) is a topological invariant of (Y, s) and is a Zd(s)-graded Abelian group.
2. There is an action of
A(Y ) = Sym∗(H0(Y,Z)) ⊗ Λ∗
(
H1(Y,Z)/Torsion
)
on HFSW∗ (Y, s) with elements in H0(Y,Z) and H1(Y,Z)/Torsion decreasing degree in
HFSW∗ (Y, s) by 2 and 1 respectively.
3. For (−Y,−s), where −Y is Y with the reversed orientation and −s is the induced Spinc
structure, the corresponding Seiberg-Witten-Floer complex C∗(−Y,−s) is the dual complex
of C∗(Y, s). There is a natural pairing
〈 , 〉 : HFSW∗ (Y, s)×HFSW−∗ (−Y,−s) −→ Z
such that < z.Ξ1,Ξ2 >=< Ξ1, z.Ξ2 > for any z ∈ A(Y ) ∼= A(−Y ) and any cycles
Ξ1 ∈ HFSW∗ (Y, s) and Ξ2 ∈ HFSW−∗ (−Y,−s) respectively.
4. For any subgroup K ⊆ Ker(c1(s)) ⊂ H1(Y,Z), there is a variant of Seiberg-Witten-
Floer homology denoted by HFSW∗,[K](Y, s). HF
SW
∗,[K](Y, s) is a topological invariant and a
Z-graded A(Y ) module. For any element [u] ∈ H1(Y,Z)/K, there is an action of [u]
on HFSW∗,[K](Y, s) which decreases degree by < [u] ∧ c1(s), [Y ] > . There exists a A(Y )-
equivariant homomorphism:
π : HFSW∗,[K](Y, s) −→ HFSW∗ (Y, s). (1)
There is also a natural pairing
〈 , 〉 : HFSW∗,[K](Y, s)×HFSW−∗,[K](−Y,−s) −→ Z (2)
satisfying < z.Ξ1,Ξ2 >=< Ξ1, z.Ξ2 > for any z ∈ A(Y ) ∼= A(−Y ) and any cycles
Ξ1 ∈ HFSW∗,[K](Y, s) and Ξ2 ∈ HFSW−∗,[K](−Y,−s) respectively. If K1 ⊂ K2 are two sub-
groups in Ker(c1(s)), there is a A(Y )-equivariant homomorphism:
HFSW∗,[K1](Y, s) −→ HFSW∗,[K2](Y, s).
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Moreover, HFSW∗,[Ker(c1(s))](Y, s) satisfies the following periodicity property:
HFSWm,[Ker(c1(s))](Y, s)
∼= HFSWm(mod d(s))(Y, s), (3)
for any m ∈ Z.
Section 4 gives an application to the problem of associating invariants to a 4-manifold with
boundary and gluing formulae for 4-dimensional monopole invariants. The setup here is to
start with a 4-manifold (X+, s+) with cylindrical end modelled on (Y, t): that is, over the end
[−2,∞)× Y , there is a fixed isomorphism between the restrction of s+ and the pull-back Spinc
structure of t. In addition, we assume c1(det(t)) is non-torsion.
Finite energy solutions to the Seiberg-Witten equations on X+ define a moduli space with
finite variations of the perturbed Chern-Simons-Dirac functional on the end. We associate to
this moduli space a boundary asymptotic value map
∂∞ : MX+(s+) −→MY,X+(t, η)
where MY,X+(t, η) is the quotient of solutions to the perturbed Seiberg-Witten equations on
(Y, t, η) by the action of those gauge transformations which can be extended to X+. In fact,
π+ : MY,X+(t, η) −→MY (t, η)
is a covering map with fiber an H1(Y,Z)/Im(i∗+)-homogeneous space. Here Im(i
∗
+) is the range
of the map i∗+ : H
1(X+,Z)→ H1(Y,Z).
Over the end [−2,∞) × Y , if (X+, s+) is modelled on (Y, t) up to an isomorphism
u ∈ C∞(Y, U(1)), then the corresponding asymptotic value map is given by [u] ◦ ∂∞ with
[u] ∈ H1(Y,Z)/Im(i∗+) determined by the connected component of C∞(Y, U(1)) which u be-
longs to.
Fix an orientations on ΛtopH1(X+(0), Y ;R)⊗ ΛtopH2,+(X+(0), Y ;R). The structure of the
fiber for ∂∞ and its compactification are discussed in Proposition 4.2 and Proposition 4.4. These
propositions tell us that for each Γα ∈ MY,X+(t, η), there is a Baire set of self-dual 2-forms with
compact support such that the fiber of ∂∞ (if non-empty), denoted by MX+(s+,Γα), is an
oriented, smooth manifold of dimension iX+(Γα) given by (54). It can be compactified to a
smooth manifold with corners. In particular, for any d ≥ 0, the components of dimension d in
MX+(s+), denoted by MdX+(s+), can be described as
MdX+(s+) = ∪α∈MY (t,η)
( ⋃
Γα∈π
−1
+ (α),iX+ (Γα)=d
MX+(s+,Γα)
)
. (4)
Here MX+(s+,Γα) = ∂−1∞ (Γα).
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We then define a relative Seiberg-Witten invariant of X+. These relative Seiberg-Witten
invariants take values in the homology groups HFSW∗,[Im(i∗+)]
(Y, t). We denote this invariant of
X+ by SWX+(s+), which is a linear functional
SWX+(s+, ·) : A(X+) −→ HFSW∗,[Im(i∗+)](Y, t),
where A(X+) = Sym
∗(H0(X+,Z))⊗Λ∗(H1(X1,Z)/Torsion) the free graded algebra generated
by the class of elements in H0(X+,Z) and H1(X+,Z) with degree 2 and 1 respectively.
SWX+(s+, z) with deg(z) = d can be represented in terms of the Seiberg-Witten invariant
for the moduli space MdX+(s+) in (4), that is, for each non-empty component MX+(s+,Γα)
with iX+(Γα) = d, there is a topological invariant SWX+(s+, z,Γα) defined in subsection 4.2,
with
SWX+(s+, z) =
∑
α∈MY (t,η)
∑
Γα∈π
−1
+ (α)
SWX+(s+, z,Γα) < Γα > .
Section 4 also describes results on closed smooth 4-manifolds (X, s) with Spinc structure s
and a smooth embedded separating 3-manifold Y such that there is an embedding [−2, 2]× Y
in X and t = s|Y is a non-torsion Spinc structure on Y . Consider a 1-parameter family of
metrics {gR}R>0 on X such that for each X(R) = (X, gR), there are an isometrically embedded
submanifold ([−R − 2, R + 2] × Y, dt2 + gY ) and two 4-manifolds X±(R) obtained by setting
X(R) = X+(R) ∪ X−(R). As R → ∞, X(R) has a geometric limit, two 4-manifolds with
cylindrical ends, denoted by X±(∞). Note that there are induced Spinc structures s± on
X±(∞) from the Spinc structure s on X .
Denote by i± the boundary embedding maps of Y in X±(0), and by Im(i
∗
±) the ranges of
the maps H1(X±(0),Z)→ H1(Y,Z). Then we have the following commutative diagram relating
various subgroups Im(i∗+) ∩ Im(i∗−), Im(i∗±) and Im(i∗+) + Im(i∗−) of Ker(c1(t)) in H1(Y, Z):
H1(Y, Z)
Im(i∗+)ր ց
H1(Y, Z)
Im(i∗+) ∩ Im(i∗−)
H1(Y, Z)
Im(i∗+) + Im(i
∗
−)ց ր
H1(Y, Z)
Im(i∗−)
(5)
which induces a commutative diagram of A(Y )-equivariant homomorphisms between various
variants of the Seiberg-Witten-Floer homologies for (Y, t):
HFSW∗,[Im(i∗+)]
(Y, t)
ր
π+
ց
HFSW∗,[Im(i∗+]∩Im(i∗−))
(Y, t) HFSW∗,[Im(i∗+)+Im(i∗−)]
(Y, t)
ց
π−
ր
HFSW∗,[Im(i∗
−
)](Y, t).
(6)
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With these notations understood, the relative invariants for (X±(∞), s±) are linear functionals
SWX±(s±, ·) : A(X±) −→ HFSW∗,[Im(i∗
±
)](±Y,±t).
Fix an orientation on the line ΛtopH1(X,R) ⊗ ΛtopH2,+(X,R) which is induced
from tensoring the orientations on ΛtopH1(X+(0), Y ;R) ⊗ ΛtopH2,+(X+(0), Y ;R) and
ΛtopH1(X−(0), Y ;R) ⊗ ΛtopH2,+(X−(0), Y ;R). When b+2 = 1, we also need to fix an orien-
tation on the line ΛtopH2,+(X,R).
The Seiberg-Witten invariant for a closed manifold (X, s) is a linear functional
SWX(s, ·) : A(X) 7→ Z
as defined in [34] where A(X) = Sym∗(H0(X)) ⊗ Λ∗(H1(X)/Torsion). Note that there is
indeterminacy in the Spinc structures on X(R) obtained by gluing s± along (Y, t). The set of
these Spinc structures, say Spinc(X, s±), can be represented by
Spinc(X, s±) = {s+#[u]s−|[u] ∈
H1(Y, Z)
Im(i∗+) + Im(i
∗
−)
}.
Here s+#[u]s− is the resulting Spin
c structure on X obtained by gluing s± using the gauge
transformation u representing [u].
Now our main gluing formulae along (Y, t) with b1(Y ) > 0 and c1(t) 6= 0 are contained in
the following theorem.
Theorem 1.2. Let X be a closed 4-manifold with b+2 ≥ 1 which can be split as X = X+∪Y X−,
where X+ and X− are 4-manifolds with boundary ∂X+ = −∂X− = Y . Suppose that we
have Spinc structures s+ and s− on X+ and X− respectively which restrict to t on the bound-
ary. Assume that b1(Y ) > 0 and c1(t) is non-torsion then the Seiberg-Witten invariants for
(X, s+#[u]s−) can be expressed as
SWX(s+#[u]s−, z+z−) = 〈[u]
(
π+(SWX+(s+, z+))
)
, π−(SWX−(s−, z−))〉, (7)
where [u] acts on HFSW∗,[Im(i∗+)+Im(i∗−)]
(Y, t), z± ∈ A(X±), π± are the homomorphisms given in
(6), and the pairing on the right hand side is the natural pairing on
HFSW∗,[Im(i∗+)+Im(i∗−)](Y, t)×HF
SW
∗,[Im(i∗+)+Im(i
∗
−
)](−Y,−t),
with the degrees in HFSW∗,[Im(i∗+)+Im(i∗−)]
(−Y,−t) shifted by
dX(s) =
1
4
(c1(s)
2 − (2χ(X) + 3σ(X))) = deg(z1) + deg(z2).
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When b+2 = 1, the Seiberg-Witten invariants SWX(s, ·) are defined with a fixed orientation on
H2,+(X,R) such that c1(s) ·ω+ > 0 for an oriented generator ω+ of H2,+(X,R). In particular,
there is a set S of Spinc structures s ∈ Spinc(X, s±) with dX(s) = deg(z1) + deg(z2) such that
∑
s∈S
SWX(s, z+z−) = 〈π(SWX+(s+, z+)), π(SWX− (s−, z−))〉.
Here π(SWX±(s±, z±)) are elements in HF
SW
∗ (±Y,±t) under the homomorphism (1) and the
pairing on the right hand side is the natural pairing on HFSW∗ (Y, t)×HFSW∗ (−Y,−t)→ Z.
This gluing theorem generalizes the gluing result of Morgan-Szabo-Taubes (Theorem 9.5 in
[25]), has already found applications to the study of Seiberg-Witten-Floer homology as in [26].
We like to thank Vicente Munoz for his help in providing examples to test our gluing formulae.
We would like to acknowledge our gratitude to Matilde Marcolli, Tom Mrowka and Cliff
Taubes for many useful correspondences. The authors also thank the Max-Planck-Institut fur
Mathematik in Bonn for hospitality and support. This research was supported in part by the
Australian Research Council.
2 Seiberg-Witten monopoles on 3-manifolds: review
Let Y be a closed, oriented 3-manifold equipped with a Riemannian metric g. To introduce the
Seiberg-Witten equations on (Y, g), we need to choose a Spinc structure on Y . This is a lift of
the SO(3)-frame bundle on Y to a Spinc(3)-bundle P . Note that Spinc(3) = U(2), the determi-
nant homomorphism Spinc(3) → U(1) determines a principal U(1)-bundle, the corresponding
complex line bundle is called the determinant line bundle of the Spinc structure P .
The isomorphism classes of Spinc structures are classified by the first Chern class of the
determinant line bundle. Given a Spinc structure P , there is an associated Spinc bundle
W = P ×U(2) C2
which is complex vector bundle whose sections form a module for the Clifford bundle on (Y, g).
As a vector space the Clifford bundle can be identified with the exterior bundle on T ∗Y but
with a different algebra structure: the Clifford relation
v1v2 + v2v1 = −2g(v1, v2)
holds for two sections v1 and v2 of T
∗Y . To end this discussion, we give a more practical
definition of a Spinc structure on (Y, g).
Definition 2.1. A Spinc structure s on an oriented, closed 3-manifold (Y, g) is a pair
(W,ρ) consisting of a U(2) bundle W and a Clifford multiplication homomorphism
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ρ : T ∗(Y ) → End(W ) satisfying the Clifford relation: ρ(v1)ρ(v2) + ρ(v2)ρ(v1) = −2g(v1, v2).
and satisfying ρ(e1)ρ(e2)ρ(e3) = IdW .
Locally, let {e1, e2, e3} be an oriented orthonormal co-frame for T ∗Y , then the Clifford
multiplication can be written as follows
ρ(
3∑
i=1
aie
i) =

 a1i −a2 + ia3
a2 + ia3 −a1i

 .
The Clifford multiplication homomorphism ρ can be employed to define an R-bilinear form
σ :W ⊗W → T ∗Y ⊗ iR, given by
σ(ψ, ψ) = −ρ−1(ψ ⊗ ψ∗ − |ψ|
2
2
Id)
=
i
2
Im(〈ei.ψ, ψ〉)ei ∈ Ω1(Y, iR).
(8)
Here ψ is a section of W and <,> is the Hermitian product on W . It is easy to check that
σ(·, ·) satisfies the following properties.
Lemma 2.2. Use . to denote Clifford multiplication, <,> is the Hermitian product on W and
g is the Riemannian metric on Y , extended linearly to T ∗Y ⊗R C, Then
1. σ(ψ, ψ).ψ = − 12 |ψ|2ψ, and |σ(ψ, ψ)|2 = 14 |ψ|4.
2. For any imaginary-valued 1-form α on Y , 〈α.ψ, ψ〉 = 2g(α, σ(ψ, ψ)) and
σ(α.ψ, φ) + σ(ψ, α.φ) = −(Re〈ψ, φ〉)α.
3. σ(ψ, φ) = 0 if and only if on Y \ψ−1(0), φ = irψ for a real-valued function r on Y \ψ−1(0).
4. If ψ is a nowhere vanishing section of W , then W ∼= Cψ ⊕ ψ⊥, where Cψ is the trivial
complex line bundle generated by ψ and ψ⊥ is the orthogonal complement of ψ under the
Hermitian product. Moreover, σ(ψ, ·) defines a bundle isomorphism between Rψ⊕ψ⊥ and
T ∗Y ⊗ iR. This last claim implies that a Spinc structure on (Y, g) can be identified with
Turaev’s Euler structure [36] on (Y, g).
Proof. Claims (a) and (b) follow from direct calculations. We only prove claim (d), as from
(d), we know that the on Y \ψ−1(0), the kernel of the map σ(ψ, ·) consists of sections of iRψ,
and this implies claim (c).
For a nowhere vanishing section ψ of W , we write ψ = |ψ|τ1 where τ1 is a unit-length spinor.
Choose a local basis {τ1, τ2} for the Spinc bundle, so that Clifford multiplication in the local
orthonormal coframe {e1, e2, e3} for T ∗Y is given by
ρ(e1) =

 i 0
0 −i

 , ρ(e2) =

 0 −1
1 0

 , ρ(e3) =

 0 i
i 0

 .
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where {e1, e2, e3} can be expressed as
e1 = −2iσ(τ1, τ1), e2 = 2iσ(τ1, iτ1), e3 = −2iσ(τ1, τ2).
Any section of Rψ⊕ψ⊥ can be written as uτ1+ vτ2 for a real-valued function u and a complex-
valued function v, then
σ(ψ, φ) =
i
2
|ψ|(ue1 − Im(v)e2 +Re(v)e3).
Hence, σ(ψ, ·) defines a bundle isomorphism between T ∗Y ⊗ iR and Rψ ⊕ ψ⊥.
In [36], Turaev defined an Euler structure to be a homology class of a nowhere vanishing
vector field on Y , where two vector fields are called homologous if they are homotopic away
from a point. Identifying TY with T ∗Y using the Riemannian metric, for any Euler structure
on (Y, g), there is a unit-length section v of T ∗Y representing that Euler structure, which gives
rise to the following decomposition T ∗Y = R.v ⊕ L. Then the Hodge star operator can endow
L with a complex structure given by J = ∗(v ∧ ·). The corresponding Spinc structure is given
by W = C.v ⊕ L and Clifford multiplication by v is given by

 i 0
0 −i

.
With the Levi-Civita connection ∇ on the cotangent bundle T ∗Y , a U(1)-connection A on
the determinant bundle det(W ) determines a connection ∇A on W such that ρ is parallel, that
is, for v and ψ sections of T ∗Y and W respectively, ∇A satisfies
∇A(v.ψ) = (∇v).ψ + v.∇A(ψ).
Then ∇A is called a Spinc connection onW . Applying the Clifford multiplication, we can define
a Dirac operator /∂A = ρ ◦ ∇A : Γ(W )→ Γ(W ).
Now we can introduce the Seiberg-Witten equations on (Y, g, s) for a pair (A,ψ) consisting
of a U(1) connection A on the determinant line bundle of s and a spinor section ψ of W : [15]
[4] [22] [17] [6]: 

/∂Aψ = 0,
∗FA = σ(ψ, ψ) + η
(9)
where η is a co-closed, imaginary-valued 1-form on Y .
Denote by AY (s) the Seiberg-Witten configuration space on (Y, s) consisting of pairs (A,ψ)
as above Then AY (s) is an affine space modelled on Ω1(X, iR) × Γ(W ). For analytic reasons,
we shall use the L21-integrable configuration space, denoted AL21 , and we requireη to be L22-
integrable, hence ‖η‖C0 is bounded.
The automorphism group of det(W ) is the gauge group GY = GL22 of L22-maps of Y to
U(1), locally modelled on the Lie algebra Ω0
L22
(Y, iR). The gauge group GL22 acts on AL21 by
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gauge transformations: (A,ψ)
u7−→ (A− 2u−1du, uψ), which leave the Seiberg-Witten equations
invariant. It acts freely on {(A,ψ)|ψ 6= 0}, those elements are said to be irreducible while (A,ψ)
with ψ = 0 is said to be reducible. Denote by B = AL21/GL22 the quotient of AL21 by gauge
transformations. We use the notation A∗
L21
for the open subset of irreducible configurations, and
B∗ = A∗
L21
/GL22 for the quotient space of A∗L21 by the gauge group GL22 . Then B
∗ is a Hausdorff
space [10][23], in fact, B∗ is a smooth infinite dimensional Hilbert manifold.
At (A,ψ) ∈ AL21 , the tangent space can be identified with the L21-completion of
Ω1(Y, iR)⊕Γ(W ), we denote this completion by Ω1
L21
(Y, iR)⊕ΓL21(W ). The infinitesimal action
of GL22 at (A,ψ) defines a map
G(A,ψ) : Ω
0
L22
(Y, iR)→ Ω1
L21
(Y, iR)⊕ ΓL21(W )
G(A,ψ)(f) = (−2df, fψ).
(10)
Local slices exist for the action of GL22 on AL21 . At [A,ψ] ∈ B∗, the tangent space is given by
the L21-completion of
{(α, φ) ∈ Ω1(Y, iR)⊕ Γ(W )|d∗α+ iIm < ψ, φ >= 0}.
The L21 metric on T[A,ψ]B∗ is defined by the natural L21-norm on one forms and the L21-norm on
sections ofW using the connection∇A. This metric is independent of the choice of representative
(A,ψ). At a reducible point [A, 0] ∈ B, there is a neighbourhood of [A, 0] ∈ B, which is
homeomorphic to the quotient of the L21-completion of
Kerd∗ ⊕ Γ(W )
by the action of U(1) on the Γ(W ) factor. Hence, the reducible point [A, 0] is a singular point
in B with the link of singularity homotopy equivalent to CP∞.
Definition 2.3. The moduli space MY (s, η) of the Seiberg-Witten monopoles on (Y, g, s) is the
solution space of the Seiberg-Witten equations (9) modulo the gauge transformation group GL22 .
The moduli space M∗Y (s, η) is the irreducible part of MY (s, η).
There is an a priori pointwise estimate to the spinor part of any solution to the Seiberg-
Witten equations (9), which we now state as follows.
Lemma 2.4. Every solution to the Seiberg-Witten equations (9) is gauge equivalent to a C∞
solution. Let (A,ψ) be a smooth solution to the Seiberg-Witten equations (9), then
|ψ|2 ≤ maxy∈Y {0,−s(y) + 2‖η‖C0}
where s(y) is the scalar curvature for (Y, g).
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Proof. The first claim follows from standard elliptic regularity theory. The estimate on |ψ|2
follows from the Weitzenbo¨ck formula (Cf. [15][23])
/∂2A = ∇∗A∇A +
s
4
− 1
2
ρ(∗FA).
Let (A,ψ) ∈ AL21 be a solution to the Seiberg-Witten equations (9), then there is a natural
associated elliptic complex which incorporates the linearization of the gauge action (10) and the
linearization of equations (9) as follows. The linearization of the Seiberg-Witten equations (9)
at a solution (A,ψ) defines the following map:
L(A,ψ) : Ω
1(Y, iR)⊕ Γ(W )→Ω1(Y, iR)⊕ Γ(W )
L(A,ψ)(α, φ) = (∗dα− σ(ψ, φ), /∂Aφ+ 12α.ψ).
(11)
The infinitesimal action of GY = GL22 and linearization of the Seiberg-Witten equations at a
solution (A,ψ) define the deformation complex
Ω0L22
(Y, iR)
G(A,ψ)→ Ω1L21(Y, iR)⊕ ΓL21(W )
L(A,ψ)→ Ω1L2(Y, iR)⊕ ΓL2(W ). (12)
It is convenient to put the deformation complex (12) in the following form:
Ω1
L21
(Y, iR)⊕ ΓL21(W )⊕ Ω0L22(Y, iR)−→Ω
1
L2(Y, iR)⊕ ΓL2(W )⊕ Ω0L2(Y, iR)
T(A,ψ) =

 L(A,ψ) G(A,ψ)
G∗(A,ψ) 0

 (13)
where G∗(A,ψ) is the dual operator of G(A,ψ) under the L
2-inner product:
G∗(A,ψ)(a, φ) = −2(d∗a+ iIm〈ψ, φ〉).
Note that T(A,ψ) is a compact perturbation, courtesy of Lemma 2.4, of the sum of the signature
operator and the twisted Dirac operator,

 ∗d −2d
−2d∗ 0

⊕ /∂A
which has index 0.
Definition 2.5. We say that [A,ψ] in MY (s, η) is non-degenerate if the middle cohomology of
(12) is zero:
KerL(A,ψ)/ImG(A,ψ) = 0.
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We summarize the main properties of the monopole moduli spaceMY (s, η), their proofs can
be found in [11] [17] [16] [37].
Proposition 2.6. Let (Y, g, s) be a closed, Riemannian 3-manifold with a Spinc structure s,
then the Seiberg-Witten moduli spaceMY (s, η) has the following properties. There exists a Baire
set of co-closed 1-forms η ∈ Ω1
L22
(Y, iR) such that all the points in MY (s, η) are non-degenerate.
Moreover, if b1(Y ) > 0, MY (s, η) consists of only finitely many irreducible points; if Y is a
rational homology 3-sphere, assume that a generic η satisfies Ker/∂θ = 0 (where θ is the unique
reducible point in MY (s, η), that is, ∗Fθ = η) , then M∗Y (s, η) = MY (s, η) − {θ} consists of
only finitely many irreducible points.
Remark 2.7. Proposition 2.6 still holds for a Baire set of co-closed imaginary-valued 1-forms
on a fixed non-empty open set U ⊂ Y (if b1(Y ) > 0 and c1(det(s)) = 0, U is chosen such that
the map: H2cpt(U,R)→ H2(Y,Z) is non-trivial). This is established in [5].
3 Seiberg-Witten-Floer homology
In this Section we will discuss the construction of the Seiberg-Witten-Floer homology groups.
The main technical parts have been established in [20]. Here we give another account of an-
alytical parts of the construction of Seiberg-Witten-Floer homology groups and introduce a
different perturbation of the Chern-Simons-Dirac functional to achieve transversality for the
moduli space of flowlines.
3.1 The basics of the CSD functional: critical points, relative indices
Let Y be a closed, oriented 3-manifold with a Riemannian metric g and a Spinc structure
s = (W,ρ) on Y . Let A be the L21-configuration space for the Seiberg-Witten equations, the
tangent space at any point is the space of L21-sections: Ω
1
L21
(Y, iR)⊕L21(W ). Let G = GY be the
L22 gauge transformation group on Y . Its tangent space at the identity is Ω
0
L22
(Y, iR) and G acts
on A with the quotient space denoted by B. For simplicity, we assume that c1(det(s)) 6= 0 in
H2(Y,R) if b1(Y ) > 0.
Fix a C∞ connection A0 on det(W ), then there is a Chern-Simons-Dirac function on A as
in [15]:
Cη(A,ψ) = −1
2
∫
Y
(A−A0) ∧ (FA + FA0 − ∗2η) +
∫
Y
〈ψ, /∂Aψ〉dvolY . (14)
Here η is a co-closed, imaginary-valued 1-form on Y which is L22-integrable and we can assume
that ∗η represents a trivial cohomology class in H1(Y, iR). When η = 0, we denote Cη by C.
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For g ∈ G, we have
Cη(g.(A,ψ))− Cη(A,ψ) = (c1(det(W )) ∧ [g])([Y ]). (15)
Here [g] is the cohomology class [g] = [−2πig−1dg] on Y which defines a homomorphism:
G → H1(Y,Z), the kernel of this map is the identity component of G. Therefore, Cη descends to
a map B → R/d(s)Z where d(s) is the divisibility of c1(s) = c1(det(W )) in H2(Y,Z)/Torsion:
d(s) = g.c.d.{< c1(s), σ >: for σ ∈ H2(Y,Z)}.
In the case of c1(det(W )) = 0, we see from (15) that Cη descends to a map B → R. If c1(det(W ))
is not a torsion element, we know that Cη descends to a map B → S1.
With the L2-metric on sections of the spinor bundle W given by twice the real part of the
L2-hermitian product, the gradient of Cη at (A,ψ) ∈ A is given by
∇Cη(A,ψ) = (∗FA − σ(ψ, ψ)− η, /∂Aψ),
which is G-equivariant. Hence, ∇Cη defines a section of the L2-tangent bundle on B∗. Note that
the tangent space of B∗ at [A,ψ] is the L21-completion of
KerG∗[A,ψ] = {(a, φ) ∈ Ω1(Y, iR)⊕ Γ(W )|d∗a+ iIm〈ψ, φ〉 = 0}.
The Hessian operator of Cη at [A,ψ] ∈ B∗ is given by
Q[A,ψ] : KerG
∗
[A,ψ] −→ KerG∗[A,ψ]
Q[A,ψ] : (a, φ) 7→ (∗da− 2σ(ψ, φ) − 2df, /∂Aφ+
1
2
a.ψ + fψ)
where f is the unique solution in Ω0
L22
(Y, iR) of the equation
(d∗d+
1
2
|ψ|2)f = iIm〈/∂Aψ, φ〉.
Notice that if [A,ψ] is a critical point of Cη, then f = 0 by the maximum principle. The following
Lemma describes the properties of the Hessian operator Q[A,ψ] of Cη at [A,ψ] ∈ B∗.
Lemma 3.1. Q[A,ψ] defines a closed, unbounded, essentially self-adjoint, Fredholm operator on
the L2-completion of KerG∗[A,ψ], and its eigenvectors form an L
2-complete orthonormal basis
for KerG∗[A,ψ].The domain of Q[A,ψ] is the L
2
1-tangent space of B∗. The eigenvalues form a
discrete subset of the real line which has no accumulation points, and which is unbounded in
both directions. Each eigenvalue has finite multiplicity.
Proof. We follow the arguments in [30]. First Q[A,ψ] defines a bounded, essentially self-adjoint,
Fredholm operator on the L21-completion ofKerG
∗
[A,ψ] to the L
2-completion ofKerG∗[A,ψ]. Then
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the forgetful map from L21 to L
2 is compact and the resolvent of Q[A,ψ] is compact so that Q[A,ψ]
has no essential spectrum (accumulation points or isolated eigenvalue with infinite multiplicity).
Therefore Q[A,ψ] has discrete spectrum without accumulation points and each eigenvalue has
finite multiplicity. The remaining statements are standard in the elliptic theory on compact
manifolds.
Let [A,ψ] be a critical point of Cη on B, then [A,ψ] is a gauge equivalence class of a solution
(A,ψ) ∈ A to the Seiberg-Witten equations (9). Hence, the set of critical points of Cη on B is
MY (s, η). A critical point [A,ψ] ∈ M∗Y (s, η) is called non-degenerate if its Hessian operator is
non-degenerate. It is easy to see that a non-degenerate critical point is isolated in MY (s, η).
A reducible critical point is of the form [A, 0] with ∗FA = η. For generic η, ∗FA = η admits
solutions only when Y is a rational homology 3-sphere. We call a reducible critical point non-
degenerate if it is isolated inMY (s, η). From Proposition 2.6, we obtain the following property
of this critical point set.
Lemma 3.2. For generic η, the critical points of Cη on B are all non-degenerate.
Proof. For an irreducible critical point c ∈MY (s, η), choose a C∞ solution (A,ψ) to (9) which
represents c. The Hessian operator Qc has a G-equivariant extension given by (13), namely
T(A,ψ) =

 L(A,ψ) G(A,ψ)
G∗(A,ψ) 0

 .
By direct calculation, we obtain
KerQc ∼= KerT(A,ψ) ∼= KerL(A,ψ)/ImG(A,ψ).
Then Proposition 2.6 implies that KerQc = 0 for generic η.
If θ = [A, 0] is a critical point of Cη on B, which only happens when Y is a rational homology 3-
sphere (∗FA = η), then one can check that under the conditionKer/∂A = 0,KerL(A,0)/ImG(A,0)
is zero for the deformation complex (13) at (A, 0), hence θ is also non-degenerate.
Henceforth MY (s, η) denotes the set of critical points of Cη which are assumed all non-
degenerate.
There are two fundamental lemmata concerning the gradient of the Chern-Simons-Dirac
functional and the estimate of local distance near a critical point. The first of these shows that
Cη satisfies the Palais-Smale condition which was proved for the unperturbed case (η = 0) in
[25] [13]. The proof here follows the arguments from [25].
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Lemma 3.3. For any ǫ > 0, there is λ > 0 such that if [A,ψ] ∈ B has L21-distance at least ǫ
from all the critical points in MY (s, η), then
‖∇Cη,ν([A,ψ])‖L2 > λ.
Proof. Suppose that, on the contrary, there is a sequence ci in B∗ whose L21-distance from
ci to the set of critical points is at least ǫ, for which ‖∇Cη(ci)‖L2 → 0 as i → ∞. Choose a
sequence of (Ai, ψi) representing ci, then there is a constant C such that
∫
Y
(| ∗ FAi − σ(ψi, ψi)− η|2 + 2|/∂AiψAi |2)dvol ≤ C.
Using the Weitzenbo¨ck formula and Lemma 2.2, we have
‖FAi‖2L2 + ‖σ(ψi, ψi) + η‖2L2 − 2 < ∗FAi , η > +2‖∇Aiψ‖2L2 +
s
2
‖ψi‖2L2 ≤ C,
where s is the scalar curvature on (Y, g). Applying the inequality 2|ab| ≤ 12 |a|2 + 2|b|2 and the
Cauchy-Schwartz inequality, we can rewrite the above expression as
1
2
‖FAi‖2L2 +
1
8
‖ψi‖4L4 + 2‖∇Aiψ‖2L2
≤ C + 3‖η‖2L2 +maxy∈Y {−
s(y)
2
}
√
V ol(Y )‖ψi‖2L4
≤ C + 3‖η‖2L2 +
1
16
‖ψi‖4L4 +maxy∈Y {−
|s(y)|2
2
}V ol(Y ).
From this inequality, we see that ‖FAi‖L2, ‖ψi‖L4 and ‖∇Aiψ‖L2 are all bounded independent
of i. By standard elliptic regularity theory we know that there exists a subsequence of {Ai, ψi},
such that (Ai, ψi) converges in L
2
1-topology to a limit (A∞, ψ∞) which is a solution to the
Seiberg-Witten equations (9) and hence represents a critical point inMY (s, η). This contradicts
the fact that {[Ai, ψi]} has distance at least ǫ from the critical points.
Remark 3.4. Note that λ is independent of η when η is sufficiently small, hence from now on,
we choose a sufficiently small ǫ0 << 1 and η to have L
2-norm less than ǫ0λ.
The second lemma is the following L21-distance estimate near the non-degenerate critical
points of Cη, which was also established in [25].
Lemma 3.5. Suppose α is a non-degenerate critical point of Cη. There exists a positive constant
Cα and an ǫ > 0, depending on α, such that if the L
2
1-distance from [A,ψ] to α is less than ǫ,
then the L21-distance from [A,ψ] to α (denoted by distL21([A,ψ], α)) is bounded by
Cα‖∇Cη,ν(A,ψ)‖L2 .
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Proof. When distL21([A,ψ], α) is sufficiently small, there are representatives (A,ψ) and
(Aα, ψα) for [A,ψ] and α respectively such that (A,ψ) = (Aα, ψα) + (b, φ) with (b, φ) ∈ TαB∗
with L21-norm less than some ǫ (to be determined). Then
∇Cη(A,ψ) = Qα(b, φ) +N(b, φ),
where N(b, φ) is a quadratic term in (b, φ), satisfying ‖N(b, φ)‖L2 ≤ Cǫ‖(b, φ)‖L21 where C is
the universal constant for the Sobolev multiplication theorem. As Qα is non-degenerate, let λ1
be the first absolute eigenvalue of Qα (Cf. Lemma 3.1). We then obtain
λ1‖(b, φ)‖L21 ≤ ‖Qα(b, φ)‖L2
≤ ‖∇Cη(A,ψ)‖L2 + ‖N(b, φ)‖L2
≤ ‖∇Cη(A,ψ)‖L2 + Cǫ‖(b, φ)‖L21 .
Choose ǫ < λ12C , then
‖(b, φ)‖L21 ≤
1
λ1 − Cǫ‖∇Cη(A,ψ)‖L
2 ≤ 2
λ1
‖∇Cη(A,ψ)‖L2 .
Set Cα =
2
λ1
, we get distL21([A,ψ], α) ≤ Cα‖∇Cη(A,ψ)‖L2 .
For any two irreducible critical points [A0, ψ0] and [A1, ψ1], choose a path [At, ψt] on B∗
connecting [A0, ψ0] to [A1, ψ1]. Then by Lemma 3.1, Q[At,ψt] defines a path of self-adjoint
Fredholm operators, each of which has eigenvalues forming a discrete subset of the real line
with no accumulation points. The spectral flow of Q[At,ψt] along this path is defined to be the
intersection number of the spectrum graph
⋃
t∈[0,1]
SpecQ[At,ψt]
with the line ǫ = 0 (Cf. [1]). The spectral flow of the Hessian operator defines a locally constant
function on the space of continuous paths in B∗ between [A0, ψ0] and [A1, ψ1] depending only
on the homotopy class of the path between [A0, ψ0] and [A1, ψ1]. By the Atiyah-Patodi-Singer
index theorem, its mod (d(s)) reduction doesn’t depend on the homotopy class of the path,
where d(s) is the divisibility of the first Chern class c1(det(W )) in H
2(Y,Z)/Torsion.
We know that Q[A,ψ] has a G-equivariant extension T(A,ψ) referred to as the extended Hessian
operator at a smooth solution (A,ψ) to the Seiberg-Witten equations (9) on A representing
[A,ψ]. Let (A0, ψ0) and (A1, ψ1) represent two irreducible critical points [A0, ψ0] and [A1, ψ1] in
MY (s, η) respectively. By its construction, the kernel of T(Ai,ψi) is trivial, and so the spectral
flow of T(A,ψ) from (A0, ψ0) to (A1, ψ1) is a well defined Z-valued function and
SF
[A1,ψ1]
[A0,ψ0]
Q = SF
(A1,ψ1)
(A0,ψ0)
T (mod d(s)). (16)
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For a homology 3-sphere Y , we need to choose the perturbation η so that the unique reducible
critical point θ is isolated, that is, (g, η) is away from the codimension one set (Cf. [20]) where
the corresponding Dirac operator has non-trivial kernel. Then we can replace [A0, ψ0] by θ in
(16). Now T has one dimensional kernel at θ, therefore the spectral flow of T from θ to an
irreducible critical point is defined to be the intersection number of the eigenvalues with the line
λ = −ǫ where ǫ is any sufficiently small positive number (see [1]).
Therefore, using the spectral flow of the Hessian operator, we can define a relative index
map on the critical point set MY (s, η).
Definition 3.6. Using the spectral flow of the Hessian operator of the Chern-Simons-Dirac
functional, there is a relative index map on the critical point set MY (s, η):
i : MY (s, η)×MY (s, η) −→ Zd(s) (17)
which is the spectral flow (mod d(s)) of the extended Hessian operator along any path connecting
two smooth solutions to (9) representing two critical points in B. When c1(s) is a torsion class
(as occurs for example when Y is a homology 3-sphere) then i is an integer-valued function.
3.2 Estimates on gradient flowlines
The downward gradient flow equation for Cη on A is by definition given by the paths of pairs
(A(t), ψ(t)) that satisfy the equations


dA(t)
dt
= − ∗ FA(t) + σ(ψ, ψ) + η,
dψ(t)
dt
= −/∂A(t)ψ(t).
(18)
Using the projection π : Y ×R→ Y , we identify Ω2,+(Y ×R, iR) ∼= π∗(Ω1(Y, iR)) by sending
ρ(t) to 12 (∗ρ(t) + ρ(t) ∧ dt), and identify Ω1(Y ×R, iR) ∼= π∗(Ω0(Y, iR)⊕Ω1(Y, iR)) by sending
(f(t), ρ(t)) to ρ(t)+ f(t)dt. Using Clifford multiplication by dt, we can identify the positive and
negative spinor bundles W± both as π∗(W ) via ρ±, such that for any 1-form a ∈ Ω1(Y, iR) and
ψ ∈W , we have ρ+(a.ψ) = a.dt.ρ+(ψ) = a.ρ−(ψ).
Let ψ(t) be a section of π∗(W ) and A(t) be a family of connections on det(W ). Then we can
view A(t) as a connection on det(π∗W ), and the twisted Dirac operator /DA for (Y ×R, π∗(W ))
can be expressed as ∂t + /∂A(t) in the sense of
/DA(ρ
+ψ) = ρ−
(
(∂t + /∂A(t))ψ(t)
)
.
Then, as discovered by Kronheimer-Mrowka [15], the downward gradient flow equations
(18) are the following Seiberg-Witten equations on (Y × R, π∗(W )) in temporal gauge (the dt
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component of U(1)-connection on the determinant bundle vanishes identically).

F+A = q(ψ, ψ) + η
+
/DAψ = 0
(19)
where F+A is the self-dual part of the curvature FA, η
+ = 12 (∗3η + η ∧ dt), and q(ψ, ψ) is the
self-dual 2-form given by
q(ψ, ψ) = (dt ∧ σ(ψ, ψ))+ = 1
2
(dt ∧ σ(ψ, ψ) + ∗3σ(ψ, ψ)).
Two solutions to the equations (19) are gauge equivalent if the paths in A they determine in
temporal gauge are gauge equivalent under the gauge group GY =Map(Y, U(1)).
For any solution S(t) = (A(t), ψ(t)) of the downward gradient flow equations (18), we have,
for any t1 < t2,
Cη(S(t1))− Cη(S(t2))
= −
∫ t2
t1
< ∇Cη((S(t)), ∂S(t)
∂t
>L2 dt
=
∫ t2
t1
dt
∫
Y
(|∂A(t)
∂t
|2 + 2|∂ψ(t)
∂t
|2)dvolY
=
∫ t2
t1
∫
Y
(| ∗ FA − σ(ψ, ψ) − η|2 + 2|/∂Aψ|2)dvolY
=
∫ t2
t1
dt
∫
Y
(|FA|2 + |σ(ψ, ψ) + η|2 − 2 < ∗FA, η > +2|∇Aψ|2 + s
2
|ψ|2)dvolY
=
∫ t2
t1
dt
∫
Y
(|FA|2 + |σ(ψ, ψ) + η|2 + 2(FA ∧ η) + 2|∇Aψ|2 + s
2
|ψ|2)dvolY
(20)
where FA is the curvature of A(t) on a t-slice of [t1, t2] × Y , ∗ is the Hodge star operator on
(Y, g), ∇A is the covariant derivative on W over the t-slice of [t1, t2]× Y and all the norms are
on the t-slice.
Note that A(t) can be viewed as a connection on the determinant line bundle of the pull-back
Spinc structure on [t1, t2] × Y . We will write A = A(t) for this connection on the determinant
line bundle over [t1, t2]×Y to distinguish it from A(t) viewed as a connection on the determinant
line bundle over the t-slice of [t1, t2] × Y . Similarly, denote the corresponding section of the
pull-back Spinc bundle over [t1, t2]× Y by Ψ = ψ(t). If (A(t), ψ(t)) is a solution to the gradient
flow equation (18), then (A,Ψ) is a solution to the 4-dimensional Seiberg-Witten equations (19)
on [t1, t2]× Y . With this notation understood, the last integration in (20) has a 4-dimensional
analogue, called the energy of the 4-dimensional monopole. We denote it by E[t1,t2]×Y (A,Ψ)
and define it as follows.
E[t1,t2]×Y (A,Ψ)
=
∫
[t1,t2]×Y
(|FA|2 + 2|q(Ψ,Ψ) + η+|2 + 2|∇AΨ|2 + s
2
|Ψ|2)dvol + 2(FA ∧ dt ∧ η)
(21)
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Since
|FA|2 = |FA|2 + |∂A(t)
∂t
|2, |∇AΨ|2 = |∇Aψ|2 + |∂ψ(t)
∂t
|2
and
2|q(Ψ,Ψ) + η+|2 = |σ(ψ, ψ) + η|2,
we know that
E[t1,t2]×Y (A,Ψ) = 2
(Cη(S(t1))− Cη(S(t2))). (22)
Hence we will say that any gradient flow line S(t) = (A(t), ψ(t)) (t ∈ [t1, t2]) on A has a finite
variation of Cη if S(t) satisfies
Cη(S(t1))− Cη(S(t2)) =
∫ t2
t1
(‖∂A(t)
∂t
‖2L2(Y ) + 2‖
∂ψ(t)
∂t
‖2L2(Y ))dt <∞.
That is, the corresponding 4-dimensional monopole (A,Ψ) has finite energy over [t1, t2]× Y , or
equivalently
∫ t2
t1
‖∇Cη(S(t))‖2L2(Y )dt =
∫ t2
t1
(‖∂A(t)
∂t
‖2L2(Y ) + ‖
∂ψ(t)
∂t
‖2L2(Y ))dt <∞. (23)
Lemma 3.7. Suppose (A,Ψ) to be a solution to the Seiberg-Witten equations (19) on
[t− 2, t+ 2]× Y with finite energy
E[t−2,t+2]×Y (A,Ψ) < E0.
For any positive integer k, there exists a constant C depending on the metric on Y and the
perturbation term η such that all the Ck-norms of FA and Ψ on [t− 32 , t+ 32 ]× Y are bounded
by C(
√
E0 + 1).
Proof. Let Ns = [t− s, t+ s]× Y . From EN2(A,Ψ) < E0, we immediately have
‖FA‖2L2(N2) ≤ E04 + C0,
‖Ψ‖4L4(N2) ≤ 4E0 + C0,
‖∇AΨ‖2L2(N2) ≤ E04 + C0,
for some constant C0 depending on the metric on Y and η. The standard bootstrapping ar-
gument in elliptic regularity theory (Cf. [23]) implies that the Ck-norms of FA and Ψ on
[t− 32 , t+ 32 ]× Y are bounded by C(
√
E0+1) for some constant C0 depending on the metric on
Y and η.
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Lemma 3.8. Given a sufficiently small ǫ > 0, there exists a constant E0 > 0 such that, for a
solution (A(t), ψ(t)) to the Seiberg-Witten equations (19) on [T−2, T+2]×Y in temporal gauge,
with finite energy E[T−2,T+2]×Y (A(t), ψ(t)) < E0, there exists a critical point α inMY (s, η) with
L21-distance from [A(t), ψ(t)] ∈ B to α less than ǫ for any t ∈ [T − 1, T + 1].
Proof. The critical points of MY (s, η) are non-degenerate and hence isolated. Given
an ǫ sufficiently less than min{distL21(α, β) : α, β ∈ MY (s, η)}, let λ be the constant in
Lemma 3.3 such that if [A,ψ] has L21-distance at least ǫ to any critical point in MY (s, η),
then ‖∇Cη([A,ψ])‖L2(Y ) > λ. Now we only need to show that for any t ∈ [T − 1, T + 1],
‖∇Cη([A(t), ψ(t)])‖L2(Y ) < λ.
Let Ns = [T −s, T +s]×Y and (A˙, ψ˙) = (∂A(t)
∂t
,
∂ψ(t)
∂t
). Differentiating the Seiberg-Witten
equations (19) and noting that (
∂A(t)
∂t
,
∂ψ(t)
∂t
) = −∇Cη(A,ψ) is L2-orthogonal to the gauge
orbit at each point, we obtain the following elliptic system of equations on [T − 2, T + 2]× Y ,


P+(dA˙)− 2q(ψ˙, ψ) = 0
d∗A˙+ iIm < ψ˙, ψ >= 0
/DAψ˙ +
1
2 A˙.ψ = 0.
(24)
We deduce from this system of equations and the estimates on ψ in Lemma 3.7 that
‖(A˙, ψ˙)‖L21(N 3
2
) ≤ C0
(‖(A˙, ψ˙)‖L21(N 3
2
) + ‖(P+(dA˙), d∗A˙, /DAψ˙)‖L21(N2)
)
≤ C0
(‖(A˙, ψ˙)‖L21(N 3
2
) + ‖(q(ψ˙, ψ), iIm < ψ˙, ψ >, 12 A˙.ψ)‖L21(N2)
)
≤ C1
(√
E0 + ‖ψ‖C0‖(A˙, ψ˙)‖L21(N2)
)
≤ C1
(√
E0 + C2(
√
E0 + 1)
√
E0
)
≤ C3
√
E0.
Here the Ci’s are constants depending on the metric on Y and η, and
√
E0 bounds the energy
of (A(t), ψ(t)). Therefore, from the standard elliptic regularity theory of Degiorgi-Nash-Moser
([35] Page 169-179), we get that for any t ∈ [T − 1, T + 1],
‖∇Cη([A(t), ψ(t)])‖L2(Y ) = ‖(A˙, ψ˙)‖L2({t}×Y ) ≤ C4‖(A˙, ψ˙)‖L21(N 3
2
) ≤ C5
√
E0.
Now we can choose our solution (A(t), ψ(t)) so that its energy is bounded by E0 with C5
√
E0 ≤ ǫ,
then the claim in the lemma follows.
We remark that standard elliptic regularity theory implies that [A(t), ψ(t)] has, for all k,
Ck-distance ǫ or less to a critical point in MY (s, η) for any t ∈ [T − 1, T + 1]. The claims in
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Lemma 3.8 still hold for a solution to the Seiberg-Witten equations on any compact set times
Y with sufficiently small energy.
Now we can establish the crucial lemma concerning the exponential decay estimate on a
flowline with small energy.
Proposition 3.9. There is a constant δ > 0, such that a choice of sufficiently small ǫ de-
termines E0 > 0 with the following property: suppose that (A(t), ψ(t)) is a solution to the
Seiberg-Witten equations on [R1 − 2, R2 + 2]× Y (R1 < R2) in temporal gauge with energy
E[R1−2,R2+2]×Y (A(t), ψ(t)) < E0,
then there exists a critical point α ∈ MY (s, η) such that the L21-distance from [A(t), ψ(t)] (for
any t ∈ [R1, R2]) to α is at most 4ǫ
(
e−δ(t−R1)+e−δ(R2−t)
)
. Furthermore, there exists a sequence
of constants {λk}k=0,1,2,··· such that there is a point (Aα, ψα) representing α for which
|∇k(A(t)−Aα)|+ |(∇Aα)k(ψ(t) − ψα)| ≤ λk
(
e−δ(t−R1) + e−δ(R2−t)
)
, (25)
for any point (t, y) ∈ [R1, R2]× Y .
Proof. We can choose ǫ > 0 and E0 > 0 as in Lemma 3.8, so that distL21([A(t), ψ(t)], α) < ǫ
for some critical point α ∈MY (s, η) and any t ∈ [R1−1, R2+1]. Then, on [R1−1, R2+1]×Y ,
we can write
(A(t), ψ(t)) = (Aα, ψα) + (b, φ)
for some representative (Aα, ψα) of α, and (b, φ) has C
1-norm less than ǫ and satisfies
d∗b + iIm < ψα, φ >= 0. As (A(t), ψ(t)) is a solution to the Seiberg-Witten equations on
[R1 − 1, R2 + 1]× Y , the pair (b, φ) must satisfy
∂t(b, φ) +Qα(b, φ) +N(b, φ) = 0, (26)
where Qα(b, φ) = (∗db− 2σ(ψα, φ), /∂Aαφ+ 12b.ψα) and N(b, φ) = (−σ(φ, φ), 12b.φ).
Note that Qα is the Hessian operator of Cη at α, whose L2 spectrum is discrete, real and
without accumulation points (Cf. Lemma 3.1). The non-degeneracy of α implies that 0 is not
in the spectrum of Qα. Let µα be the distance between 0 and the spectrum of Qα. On the
t-slice of [R1 − 1, R2 + 1]× Y ,
‖N(b, φ)‖L21({T}×Y ) < ǫ‖(b, φ)‖L21({T}×Y ).
Let λ± be the components of (b, φ) in the positive and negative spectral subspaces of Qα
respectively. Let ‖λ±‖ be the functions on [R1 − 1, R2 + 1] given by taking the L2(Y )-norm on
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the t-slice of [R1 − 1, R2+1]× Y . Then the differential equation (26) gives rise to the following
two differential inequalities
∂t‖λ+‖ − (µα − ǫ)‖λ+‖+ ǫλ−‖ ≥ 0;
∂t‖λ−‖+ (µα − ǫ)‖λ−‖ − ǫλ+‖ ≤ 0.
When ǫ << µα, the comparison principle (Cf. Lemma 9.4 in [32]) can be invoked to establish
exponential decay with decay rate δ ≤ µα−ǫ2 , that is, for any t ∈ [R1 − 1, R2 + 1], the L2-norm
of (b, φ) on the t-slice of [R1 − 1, R2 + 1] × Y is bounded by 4ǫ
(
e−δ(t−R1) + e−δ(R2−t)
)
. The
standard bootstrapping argument of elliptic regularity theory implies that the L21-distance from
[A(t), ψ(t)] for any t ∈ [R1, R2] to the critical point α is bounded by ǫ
(
e−δ(t−R1) + e−δ(R2−t)
)
,
which is the claim (25).
Corollary 3.10. Let (A(t), ψ(t)) be a solution to the Seiberg-Witten equations (19) in temporal
gauge with finite energy on R× Y , then there exist two 3-dimensional monopoles (Aα, ψα) and
(Aβ , ψβ) representing two critical points α and β in MY (s, η), such that
1. A−Aα and ψ − ψα decay exponentially along with their first derivatives as t→ −∞,
2. A−Aβ and ψ − ψβ decay exponentially along with their first derivatives as t→∞.
Proof. To establish claim (a), we apply Lemma 3.9 to (A(t), ψ(t)) as a solution to the Seiberg-
Witten equations (19) in temporal gauge on (−∞,−R] × Y with energy arbitrarily small for
sufficiently large R. This gives the estimate (25) for (Aα, ψα) representing a critical point α at
any point (t, y) ∈ (−∞,−R]× Y where, in (25) we take R1 to infinity and R2 = −R. Claim (b)
can be proved in the same way.
From this corollary, we know that if (A(t), ψ(t)) is a solution to the Seiberg-Witten equations
(19) in temporal gauge with finite energy on R×Y , then there exists a sufficiently large T , such
that for t ∈ (−∞,−T ] or t ∈ [T,∞), the gauge equivalent class of [A(t), ψ(t)] lies in a small
ǫ-neighborhood of some critical point α or β respectively, and approaches the critical point
exponentially fast.
3.3 Moduli spaces of flowlines: transversality, compactification and
orientibility.
Let α, β be two critical points in MY (s, η). Denote by M(α, β) the moduli space of solutions
to the gradient flow equations (18) with the asymptotic limits α, β as t→ −∞,+∞. Note that
there is an R-action onM(α, β) given by translation in the t variable, R acts freely onM(α, β)
22
when α and β are two different critical points. Denote by Mˆ(α, β) the quotient by this R-action
on M(α, β).
Let (A(t), ψ(t)) represent a flowline in M(α, β), then any flowline in the same component
as [A(t), ψ(t)] has constant energy, given by
Cη(A(−∞), ψ(−∞)) − Cη(A(∞), ψ(∞)),
where (A(−∞), ψ(−∞)) and (A(∞), ψ(∞)) are two asymptotic limits of (A(t), ψ(t)) as t→ ±∞,
whose existence follows from Corollary 3.10. There is a constant δ > 0 depending on the critical
points, a constant C depending only on the local geometry of Y and perturbation η such that
for sufficiently large T
∑
0≤k≤2
(|∇k(A(t)−A±∞)|+ |(∇A±∞)k(ψ(t)− ψ(±∞)|) ≤ Ce−δ(|t|−T )
for t ∈ (−∞, T ] and t ∈ [T,∞) respectively.
In this subsection, we will prove that generically each component of the moduli spaceM(α, β)
is a smooth manifold with dimension prescribed by the index theorem. We remind the reader
that we always identify a path (A(t), ψ(t)) in A with a pair consisting of a U(1)-connection on
the determinant bundle of the pull-back Spinc structure and a spinor on π∗(W ) in temporal
gauge.
To achieve transversality for the moduli spaceM(α, β), we need to perturb the gradient flow
equations in a non-local fashion:


∂A
∂t = − ∗ FA + σ(ψ, ψ) + η(A,ψ)
∂ψ
∂t = −/∂A(ψ)− ν(A,ψ).ψ + φ(A,ψ)
(27)
where η(A,ψ), ν(A,ψ) and φ(A,ψ) are functions of (A,ψ). This general perturbation is chosen
so as to preserve translation invariance of the gradient flow equation under the action of R.
We now describe in detail how to construct such perturbations. For any Riemannian
3-manifold (Y, g) with a Spinc structure s, we choose a complete L2-basis {νj}∞j=1 for the
imaginary-valued 1-forms on Y , and a complete L2-basis {µj}∞j=1 for the co-closed imaginary-
valued 1-forms on Y . Under the Hodge decomposition,
Ω1L2(Y, iR) = H
1(Y, iR)⊕ Im(d∗)⊕ Im(d),
{µj}∞j=1 span the space H1(Y, iR) ⊕ Im(d∗) and {νj}∞j=1 span the space Ω1L2(Y, iR). We also
need to choose a complete L2-basis {ψj}∞j=1 for the sections of the spinor bundle W . They are
eigenvectors of the fixed Dirac operator /∂A0 for a a fixed U(1)-connection A0 on the determinant
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bundle det(s). For each co-closed 1-form µj , we associate a function on the configuration space
A by
τj(A,ψ) = τj(A−A0) =
∫
Y
(A−A0) ∧ ∗µj .
For simplicity, we assume that {µj}b1j=1 consist of a basis of H1(Y, iR), and [∗µj] = 0 for j > b1.
It is easy to see that:
(1) τj is invariant under gauge transformations for j > b1;
(2) for the map obtained from the first b1 functions
(τ1, · · · , τb1) : A → Rb1 ,
the gauge transformation g : Y → U(1) on A commutes with the H1(Y,Z) ∼= Zb1 -action on Rb1
by translation by the vector
< ([g−1dg] ∪ [∗µ1], [g−1dg] ∪ [∗µ2], · · · , [g−1dg] ∪ [∗µb1 ]), [Y ] > .
To each imaginary-valued 1-form νj we associate a function ζj on A as follows
ζj(A,ψ) = ζj(ψ, ψ) =
∫
Y
〈νj .ψ, ψ〉dvolY ,
where 〈, 〉 is the Hermitian metric on the space of spinors. It is easy to see that ζj is gauge
invariant and real-valued. We also define ζj(ψ, φ) = 2
∫
Y Re〈νj .ψ, φ〉dvolY .
To each ψj , we associate a function ξj on A as follows
ξj(A,ψ) =
∫
Y
〈e− 12Gd∗(A−A0)ψj , ψ〉dvolY ,
whereG is the Green’s operator for the ordinary Laplacian on L2(Y ). Let ψAj = e
− 12Gd
∗(A−A0)ψj .
Then ξj is invariant under the action of the subgroup
H = {eif |f : Y → R,
∫
Y
fdvolY = 0}
of the identity component of the gauge group GY where GY /H ∼= S1 ×H1(Y,Z). The action of
the S1-factor has weight −1, that is, for u ∈ S1,
ξj(u(A,ψ)) = u
−1ξj(A,ψ).
For any n ≥ b1(Y ), k ≥ 0 and l ≥ 0, (τ, ζ, ξ) = (τ1, · · · , τn, ζ1, · · · , ζk, ξ1, · · · , ξl) defines a
map A → Rn × Rk × Cl with the following key property.
Lemma 3.11. For any two points (A1, ψ1) and (A2, ψ2) in A representing two different points
in B, there exist n, k and l such that
(τ, ζ, ξ)(A1, ψ1) 6= (τ, ζ, ξ)(A2, ψ2).
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Proof. On the contrary, suppose that for any n, k and l, (τ1, · · · , τn, ζ1, · · · , ζk, ξ1, · · · , ξl)
takes the same values on (A1, ψ1) and (A2, ψ2). Then from the definition of τj , we know that
A1 = A2− idf for some real-valued function f on Y , and from the definition of ξj , we know that
e−
1
2Gd
∗(A1−A0)ψ1 = e
− 12Gd
∗(A2−A0)ψ2,
which implies that ψ1 = e
i
2 fψ. Hence (A1, ψ1) and (A2, ψ2) are gauge equivalent. This contra-
dicts the assumption of the lemma.
As a corollary we have injectivity of the induced map
(τ, ζ, ξ) : B →
⋃
(Rn × Rk × Cl)/(H1(Y,Z)× S1)s,
which implies that there are sufficiently many perturbations to achieve the transversality of the
moduli spaces of flowlines. This will be crucial in the proof of Proposition 3.16.
Now we choose any function p ∈ C∞(Rn × Rk × Cl,R) (for n ≥ b1, k, l > 0) where p is
invariant under the action of H1(Y, Z) on Rb1 (the first b1-components of R
N ), and invariant
under the action of S1 ×H1(Y,Z) on Cl. We can define a function on A/G by composition:
p(τ1, · · · , τn, ζ1, · · · , ζk, ξ1, · · · , ξl).
Let Cη be the Chern-Simons-Dirac function as in (14). We can perturb this functional to form
Cη,p = Cη + p(τ1, · · · , τn, ζ1, · · · , ζk, ξ1, · · · , ξl).
Let P be the subspace of ⋃n≥b1,k,l>0 C∞(Rn × Rk × Cl,R) which is invariant under the
above action of H1(Y,Z) × S1 × H1(Y,Z) and has finite Floer ǫ norm. To be specific, choose
ǫ = (ǫk)k∈N to be a given sequence of positive real numbers, then the Floer ǫ-norm (cf. [9]): is
given by
‖p‖ǫ =
∑
k≥0
ǫksup|∇kp|.
By arguments similar to those in Lemma 5.1 of [9], the sequence ǫ can be chosen such that P is
a Banach space and P is dense in the subspace of L2k, whose elements are invariant under the
above action of H1(Y,Z)× S1 ×H1(Y,Z).
For each p ∈ P , the gradient of Cη,p at [A,ψ] with respect to the natural L2 inner product
is given by
(
∗FA − σ(ψ, ψ) − η −
∑n
j=1
∂p
∂τj
µj +
∑l
j=1
∂p
∂ξj
d ◦G(iIm < ψAj , ψ >),
/∂A(ψ) +
∑K
j=1
∂p
∂ζj
νj .ψ +
∑l
j=1
∂p
∂ξj
ψAj
)
.
(28)
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Here ∇p = (−∑nj=1 ∂p∂τj µj +
∑l
j=1
∂p
∂ξj
d ◦G(iIm < ψAj , ψ >),
∑K
j=1
∂p
∂ζj
νj .ψ +
∑l
j=1
∂p
∂ξj
ψAj ).
In order not to change the critical points of Cη when perturbed by p, we need to impose
some condition on p ∈ P . We remind the reader that, as in Lemma 3.3, given a small ǫ > 0,
there is a constant λ, such that
‖∇Cη([A,ψ])‖L2 = ‖
(∗FA − σ(ψ, ψ)− η, /∂A(ψ))‖L2 > λ
for [A,ψ] at L21-distance at least ǫ away from the set of critical points. For each critical point
α ∈MY (s, η), let B(α, ǫ) be ball of radius ǫ centered at α in the L21 topology.
Condition 3.12. We require that the perturbation function p ∈ P satisfies the following condi-
tions:
1. p = 0 on
⋃
α∈MY (s,η)
(τ, ζ, τ)
(
B(α, ǫ)
)
.
2. The corresponding perturbation term ∇p has L2-norm less than ǫ0λ for a sufficiently small
ǫ0 << 1.
Let Pc be the set of perturbation functions p ∈ P satisfying (a) and (b).
The corresponding downward gradient flow equation of Cp is given by


∂A
∂t
= − ∗ FA + σ(ψ, ψ) + η +
∑N
j=1
∂p
∂τj
µj −
l∑
j=1
∂p
∂ξj
d ◦G(iIm < ψAj , ψ >)
∂ψ
∂t
= −/∂Aψ −
∑K
j=1
∂p
∂ζj
νj .ψ −
l∑
j=1
∂p
∂ξj
ψAj
(29)
for a pair (A(t),Φ(t)) regarded as a family of connections and spinors. These are the perturbed
4-dimensional Seiberg-Witten equations on Y × R in temporal gauge. The corresponding per-
turbation of the Seiberg-Witten equations on Y × R is given by


F+A = q(ψ, ψ) + η
+ +
∑N
j=1
∂p
∂τj
µ+j −
l∑
j=1
∂p
∂ξj
(d ◦G(iIm < ψAj , ψ >))+
/DA(ψ) +
∑K
j=1
∂p
∂ζj
νj .ψ +
l∑
j=1
∂p
∂ξj
ψAj = 0
(30)
where µ+j =
1
2 (∗3µj + µj ∧ dt) and (d ◦ G(iIm < ψAj , ψ >))+ is the self-dual part of
d◦G(iIm < ψAj , ψ >)∧dt, and the function p is the corresponding function on the 4-dimensional
configuration space of U(1)-connections and spinors on (R×Y dt2+ g) with the pull back Spinc
structure. Note that p is invariant under gauge transformations. It is easy to see that p is a
well-defined function over the 4-dimensional configuration space. For any solution (A(t), ψ(t))
to the perturbed Seiberg-Witten equations (30) on [R1, R2]× Y in temporal gauge, we say that
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(A(t), ψ(t)) has finite energy if and only if
∫ R2
R1
(‖∂A(t)
∂t
‖2L2(Y ) + ‖
∂ψ(t)
∂t
‖2L2(Y ))dt <∞.
Lemma 3.13. Let γ(t) = (A(t), ψ(t)) be a solution to the perturbed Seiberg-Witten equations
(30) on [R1, R2]× Y in temporal gauge, then (A(t), ψ(t)) has finite energy if and only if one of
the following terms is finite:
1. Cη(A(R1), ψ(R1))− Cη(A(R2), ψ(R2)),
2. Cη,p(A(R1), ψ(R1))− Cη,p(A(R2), ψ(R2)),
3. C(A(R1), ψ(R1))− C(A(R2), ψ(R2)),
4. E[R1,R2]×Y (A,Ψ) (as defined in (21)), where (A,Ψ) = (A(t), ψ(t)) is the corresponding
4-dimensional monopole on [R1, R2]× Y .
Proof. Note that γ(t) = (A(t), ψ(t)) satisfies the perturbed Seiberg-Witten equations (30) on
[R1, R2]× Y in temporal gauge, that is, ∂γ(t)
∂t
= −∇Cη,p(γ(t)), hence we have
Cη(A(R1), ψ(R1))− Cη(A(R2), ψ(R2))
= −
∫ R2
R1
< ∇Cη(γ(t)), ∂γ(t)
∂t
> dt
=
∫ R2
R1
< ∇Cη(γ(t)),∇Cη,p(γ(t)) > dt
=
∫ R2
R1
(‖∇Cη(γ(t))‖2L2+ < ∇Cη(γ(t)),∇p(γ(t)) >)dt.
(31)
and
Cη,p(A(R1), ψ(R1))− Cη,p(A(R2), ψ(R2))
= −
∫ R2
R1
< ∇Cη,p(γ(t)), ∂γ(t)
∂t
> dt
=
∫ R2
R1
‖∂γ(t)
∂t
‖2L2dt
=
∫ R2
R1
‖∇Cη,p(γ(t))‖2L2dt.
(32)
From Condition 3.12, we get
‖∇Cη(γ(t))−∇Cη,p(γ(t))‖L2 < ǫ0‖Cη(γ(t))‖L2 .
Putting all these together and setting ǫ = ǫ0/5, we have
1− ǫ < Cη(A(R1), ψ(R1))− Cη(A(R2), ψ(R2)Cη,p(A(R1), ψ(R1))− Cη,p(A(R2), ψ(R2)) < 1 + ǫ.
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Similarly, under the condition that η is sufficiently small as in Remark 3.4, we can prove that
1− ǫ < Cη(A(R1), ψ(R1))− Cη(A(R2), ψ(R2)C(A(R1), ψ(R1))− C(A(R2), ψ(R2)) < 1 + ǫ,
These last two inequalities imply that γ(t) has finite energy if and only if any one of
Cη(γ(R1))−Cη(γ(R2)), C(A(R1), ψ(R1))−C(A(R2), ψ(R2)) or Cη,p(γ(R1))−Cη,p(γ(R2)) is finite.
For the proof of part (4), direct calculation leads to the following identities:
Cη(A(R1), ψ(R1))− Cη(A(R2), ψ(R2))
=
1
2
∫
[R1,R2]×Y
(FA − ∗η) ∧ (FA − ∗η)
+
∫
{R1}×Y
< ψ, /∂Aψ > dvolY −
∫
{R2}×Y
< ψ, /∂Aψ > dvolY .
(33)
and
C(A(R1), ψ(R1))− C(A(R2), ψ(R2))
=
1
2
∫
[R1,R2]×Y
FA ∧ FA
+
∫
{R1}×Y
< ψ, /∂Aψ > dvolY −
∫
{R2}×Y
< ψ, /∂Aψ > dvolY .
(34)
To prove the last claim, we write the perturbed Seiberg-Witten equations (30) as follows:


F+
A
= q(Ψ,Ψ) + µ+ + p+
A
/DA(Ψ) + pΨ = 0.
(35)
where q(Ψ,Ψ) = (dt∧σ(ψ, ψ))+ and (p+
A
, pΨ) is the perturbation term coming from the pertur-
bation p (see (30) for exact expression), notice that, by Condition 3.12, the L2-norm of (p+A, pψ)
is less than ǫ0‖∇Cη‖L2 for a sufficiently small ǫ0 << 1.
Now we calculate
∫
[R1,R2]×Y
(| /DA(Ψ)|2 + |F+A − q(Ψ,Ψ)− µ+|2)dtdvolY .
using the 3- and 4-dimensional Weitzenbo¨ck formulae
The 4-dimensional Weitzenbo¨ck formula is
/D∗A /DA(Ψ) = ∇∗A∇AΨ+
s
4
Ψ +
1
2
F+
A
.Ψ,
where s denotes the scalar curvature on (R× Y, gY + dt2). Take the inner product of both sides
with Ψ = ψ(t), and then integrate them over [R1, R2] × Y . Here we need to understand the
boundary contribution when we integrate by parts. To see what this contribution is, we proceed
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as follows ∫
[R1,R2]×Y
| /DAΨ|2dtdvolY
=
∫
[R1,R2]×Y
(|∂ψ(t)
∂t
+ /∂Aψ|2
)
dtdvolY
=
∫
[R1,R2]×Y
(|∂ψ(t)
∂t
|2 + |/∂Aψ|2+ < ∂ψ(t)
∂t
, /∂Aψ > + < /∂Aψ,
∂ψ(t)
∂t
)
dtdvolY
=
∫
[R1,R2]×Y
(|∂ψ(t)
∂t
|2 + |/∂Aψ|2 + ∂
∂t
(< ψ, /∂Aψ >)− 1
2
<
∂A(t)
∂t
.ψ, ψ >
)
dtdvolY .
Now apply the 3-dimensional Weitzenbo¨ck formula,
/∂2Aψ = ∇∗A∇Aψ +
s
4
ψ − 1
2
(∗FA).ψ,
and note that F+
A
.Ψ = (
∂A(t)
∂t
+ ∗3FA).ψ, where ∗3 is the Hodge star operator on Y . Using the
various expressions above, we obtain that∫
[R1,R2]×Y
| /DA(Ψ)|2dtdvolY
=
∫
[R1,R2]×Y
(|∇AΨ|2 + s
4
|Ψ|2 − 1
2
< F+
A
.Ψ,Ψ >
)
dtdvolY
+
∫
{R2}×Y
< ψ, /∂Aψ > dvolY −
∫
{R1}×Y
< ψ, /∂Aψ > dvolY .
(36)
We also have ∫
[R1,R2]×Y
2|F+
A
− q(Ψ,Ψ)− η+|2dtdvolY
=
∫
[R1,R2]×Y
(
(|FA|2 + |σ(ψ, ψ) + η|2+ < F+A .Ψ,Ψ >)dtdvolY
−(FA − ∗3η) ∧ (FA − ∗3η) + 2dt ∧ FA ∧ η.
(37)
Using the perturbed Seiberg-Witten equations (35) and the identity (33), we have
∫
[R1,R2]×Y
2(|(p+
A
, pΨ)|2)dtdvolY
=
∫
[R1,R2]×Y
(2| /DA(Ψ)|2 + 2|F+A − q(Ψ,Ψ)− η+|2)dtdvolY
=
∫
[t1,t2]×Y
(|FA|2 + 2|q(Ψ,Ψ)+ η+|2 + 2|∇AΨ|2 + s
2
|Ψ|2)dtdvolY
+
∫
[t1,t2]×Y
(
2(FA ∧ dt ∧ η)− (FA − ∗3η) ∧ (FA − ∗3η)
)
+2(
∫
{R2}×Y
< ψ, /∂Aψ > dvolY −
∫
{R1}×Y
< ψ, /∂Aψ > dvolY )
= E[R1,R2]×Y (A,Ψ) + 2
(Cη(A(R2), ψ(R2))− Cη(A(R1), ψ(R1))).
Thus, we have the following inequalities (ǫ = ǫ0/5)
2 <
E[R1,R2]×Y (A,Ψ)
Cη(A(R1), ψ(R1))− Cη(A(R2), ψ(R2)) < 2 + ǫ,
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which implies that Cη(A(R1), ψ(R1))−Cη(A(R2), ψ(R2)) is finite if and only if E[R1,R2]×Y (A,Ψ)
is finite. The completes the proof of the Lemma.
The following lemma states the basic properties of the perturbed CSD functional Cη,p. The
proof follows the same arguments as are used for the corresponding properties of the CSD
functional Cη and of the perturbation terms satisfying Condition 3.12 for p ∈ Pc.
Lemma 3.14. For any p ∈ Pc, the perturbed Chern-Simons-Dirac functional Cη,p on B has the
following properties:
1. The critical point set of Cη,p agrees with the critical point set of Cη, and all points are
non-degenerate.
2. The Hessian operator of Cη,p on B is a compact perturbation of the Hessian operator of
Cη, hence has the same properties as the Hessian operator of Cη in Lemma 3.1.
3. Let (A(t), ψ(t)) be a solution to the perturbed Seiberg-Witten equations (30) on R × Y
in temporal gauge with finite energy, then there exists a sufficiently large T such that
on (−∞,−T ] × Y and [T,∞) × Y the perturbation term from p is zero, in other words,
p(τ, ζ, ξ)(A(t), ψ(t)) has compact support in [−T, T ]. Hence, (A(t), ψ(t)) is a solution to
the gradient flow equation (18) of Cη outside the compact set [−T, T ]× Y .
4. There is a constant δ > 0, such that a choice of sufficiently small ǫ determines E0 > 0
with the following property: suppose that (A(t), ψ(t)) is a solution to the perturbed Seiberg-
Witten equations (30) on [R1 − 2, R2 + 2]× Y in temporal gauge with energy
E[R1−2,R2+2]×Y (A(t), ψ(t)) < E0,
then there exists a critical point α ∈ MY (s, η) such that the L21-distance from [A(t), ψ(t)]
(for any t ∈ [R1, R2]) to α is at most 4ǫ
(
e−δ(t−R1) + e−δ(R2−t)
)
. Moreover, there exists a
sequence of constants {λk}k=0,1,2,··· such that there is a 3-dimensional monopole (Aα, ψα)
representing α for which
|∇k(A(t) −Aα)|+ |(∇Aα)k(ψ(t)− ψα)| ≤ λk
(
e−δ(t−R1) + e−δ(R2−t)
)
,
for any point (t, y) ∈ [R1, R2]× Y .
5. Let (A(t), ψ(t)) be a solution to the perturbed Seiberg-Witten equations (30) on R× Y in
temporal gauge with finite energy, then there exist two 3-dimensional monopoles (Aα, ψα)
and (Aβ , ψβ) representing two critical points α and β in MY (s, η), such that A−Aα and
ψ − ψα decay exponentially along with their first derivatives as t→ −∞, and A−Aβ and
ψ − ψβ decay exponentially along with their first derivatives as t→∞.
30
Corollary 3.15. If (A(t), ψ(t)) is a solution to the perturbed Seiberg-Witten equations (30)
on [0,∞) × Y in temporal gauge with finite energy, then there exists a sequence of constants
{λk}k=0,1,2,··· such that there is a 3-dimensional monopole (Aα, ψα) representing a critical point
α in MY (s, η) for which
|∇k(A(t)−Aα)|+ |(∇Aα)k(ψ(t) − ψα)| ≤ λke−δt,
for any point (t, y) ∈ [0,∞)× Y , and
|
∫
[0,∞)×Y
FA ∧ FA| <∞.
We now study the geometric structure of the moduli space Mp(α, β) for the gradient
flow lines of Cη,p on B connecting two different critical points α, β of MY (s, η). The space
Mp(α, β) is also the moduli space of solutions to the perturbed Seiberg-Witten equations on
(Y × R, g + dt2, π∗(s)), whose asymptotic limits at ±∞ represent α and β respectively. Let δ
be the decay rate of the gradient flow line in Mp(α, β) (see Proposition 3.9 and Lemma 3.14).
We will consider the space of pairs consisting of U(1) connections on the determinant bundle
and sections of the spinor bundle on
(
Y × R, g + dt2, π∗(s)
)
,
topologized with weighted Sobolev norms of weight δ as in [18]. Here the weight function is
eδ(t) = e
δ˜t, where δ˜ is a smooth function with bounded derivatives, δ˜ : R → [−δ, δ] such that
δ˜(t) ≡ −δ for t ≤ −1 and δ˜(t) ≡ δ for t ≥ 1. The L2k,δ norm is defined as
‖f‖L2k,δ =
(∫
Y×R
eδ(t)(|f |2 + |∇f |2 + |∇2f |2 + · · ·+ |∇kf |2)dtdvolY
) 1
2
The weight eδ imposes an exponential decay as an asymptotic condition along the cylinder.
An element γ0 of M(α, β) determines a path in A/G, also denoted γ0. We lift γ0 to a path
in A which we denote by γ˜0 = (A0(t), ψ0(t)). From Lemma 3.14, we know that (Aα, ψα) and
(Aβ , ψβ) represent α and β respectively, such that (A0(t), ψ0(t)) approaches to (Aα, ψα) and
(Aβ , ψβ) exponentially fast in the L
2
1-topology as t→ ±∞ respectively.
The operators T (t) have a spectral flow denoted by i(γ0) along the path γ˜0 (see (16) for the
relation with the spectral flow of the Hessian operator Q). We see that
i(γ0) = SFγ0(Q) = i(α, β)(mod d(s))
where i(α, β) is the relative index between α and β, defined in (3.6). Note that i(γ0) is Z-valued.
Choose a U(1)-connection A0 on det(W
+) and a spinor section Ψ0 ofW
+ such that (A0,Ψ0)
is in temporal gauge outside a compact set and satisfies (A0,Ψ0) = (Aα, ψα) for t << 0 and
(A0,Ψ0) = (Aβ , ψβ) for t >> 0.
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For k ≥ 2, let Ak,δ(α, β) be the space of pairs of connections and spinor sections (A,ψ) on
Y × R satisfying
(A,ψ) ∈ (A0,Ψ0) + (Ω1L2k,δ (Y × R, iR)⊕ L
2
k,δ(W
+)).
The gauge transformation group Gk+1,δ(α, β) is locally modelled on
L2k+1,δ(Ω
0(Y × R, iR))
and approaches elements in the stabilizers Gα and Gβ of α and β as t→ ±∞. This gauge group
acts on Ak,δ(α, β) freely, so we can form the quotient Bk,δ(α, β), a smooth Banach manifold,
whose tangent space at [A,ψ] (represented by (A,ψ) ∈ Ak,δ(α, β)) is given by
{(a, φ) ∈ Ω1L2k,δ ⊕ L
2
k,δ(W
+) |G∗[A,ψ],δ(a, φ) = (e−δd∗eδ)a+ iIm〈ψ, φ〉 = 0}.
Using Proposition 3.9, we know that the component of Mp(α, β) containing the given gra-
dient flow line γ0, denoted by Mp(α, β)γ0 , can be identified with

(A,ψ) ∈ Ak,δ(α, β)
∣∣∣∣∣∣
(A,ψ) satisfies the
monopole equations (30).

 /Gk+1,δ(α, β).
Proposition 3.16. There is a Baire set P0 of smooth functions p ∈ Pc, satisfying Condition
3.12, such that for p ∈ P0 Mp(α, β)γ0 , the component of M(α, β) containing γ0, if non-empty,
is a smooth oriented manifold of dimension i(γ0)−dα where dα = 1 if α is reducible and dα = 0
otherwise.
Proof. Suppose (A(t), ψ(t), p), representing a point in Mp(α, β)γ0 , is a solution to the per-
turbed gradient flow equation (27) or the perturbed Seiberg-Witten equations (30) in temporal
gauge with the perturbation p ∈ Pc. Using the linearization of (30) and gauge transformations
at (A(t), ψ(t), p) we may define the following operator
DA,ψ,p : Pc ⊕ L2k,δ(iΩ1 ⊕W+)→ L2k−1,δ(iΩ0 ⊕ iΩ2,+ ⊕W−),
DA,ψ,p(p˜, a, φ) =
(
G∗(A,ψ),δ, d
+a− (dt ∧ σ(φ, ψ))+ + p+, /DAφ+ 12a.ψ + pψ
)
,
where (p+, pψ) is given by the linearization of the perturbation term at (A(t), ψ(t), p).
Let π : Y × R→ Y be the projection map, then as bundles over Y × R,
Λ1(Y × R, iR) ∼= π∗Λ1(Y, iR)⊕ π∗(Λ0(Y, iR)
Λ2,+(Y × R, iR) ∼= π∗Λ1(Y, iR).
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Also, using Clifford multiplication by dt, we identify W+ ∼= W− ∼= π∗W . Under these identifi-
cations, fix p, then the operator DA,ψ,p, restricted to L2k,δ(iΩ1 ⊕W+), has the form
∂
∂t
+

 L(A,ψ) G(A,ψ)
G∗(A,ψ) 0

 + δ + o(1)
where L(A,ψ), G(A,ψ) and G
∗
(A,ψ) are given by (13). By the result of Lockhart-McOwen [18], as p
varies through Pc, DA,ψ,p, restricted to L2k,δ(iΩ1⊕W+), forms a continuous family of Fredholm
operators with index equal to i(γ0)− dα.
Now we prove that DA(t),ψ(t),p is surjective. Note that any solution (A(t), ψ(t)) which rep-
resents a point in Mp(α, β)γ0 , is a solution to the perturbed gradient flow equation (27) with
finite energy Cη(Aα, ψα) − Cη(Aβ , ψβ). We can use Condition 3.12, to assert that there is a
compact subset [−T, T ] × Y in R × Y , such that outside this compact set, the perturbation
function p ∈ Pc is zero.
Suppose that (f, b, φ) ∈ L2−δ(iΩ0⊕ iΩ2,+⊕W−) is L2-orthogonal to the image of DA(t),ψ(t),p,
then using Lemma 3.11 and a direct calculation shows that (f, b, φ) is zero on [−T, T ]×Y . As an
element in the cokernel of DA(t),ψ(t),p, (f, b, φ) satisfies the weak unique continuation principle
[3] and hence (f, b, φ) is zero everywhere. This proves that DA(t),ψ(t),p is surjective.
The Sard-Smale theorem implies that there exists a Baire set P0 of functions p ∈ Pc, so
that the moduli space Mp(α, β)γ0 , for p ∈ P0, is a smooth manifold of dimension i(γ0) − dα if
i(γ0)− dα > 0, and is empty otherwise.
The orientation of Mp(α, β)γ0 is determined by the determinant line bundle of DA,ψ,p over
Ak,δ(α, β) for a fixed perturbation p. This is established in Proposition 2.15 of [20] where it is
shown that Mp(α, β)γ0 is orientable, the orientation is determined by choosing an orientation
of
∧topH1δ (Y × R, iR)⊗ ∧topH2,+δ (Y × R, iR).
Proposition 3.16 has an immediate corollary.
Corollary 3.17. Let (Y, g, s) be a closed, oriented 3-manifold with a Riemannian metric g and
a Spinc structure s. Let M(α, β) be the moduli space of gradient flows of Cη,p which connect
two different critical points α and β. Then, for a generic perturbation p, we have the following
results.
1. When Y is a homology 3-sphere, M(α, β) is empty if i(α) − i(β) − dα ≤ 0, otherwise,
M(α, β) is an oriented, smooth manifold of dimension i(α) − i(β)− dα.
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2. If c1(s) is non-zero in H
2(Y,R), M(α, β) has infinitely many components. Each of them
is an oriented, smooth manifold with dimension given by i(γ) − dα > 0, where γ is a
chosen element in that component. The dimensions of two non-empty components differ
by a multiple of d(s), where d(s) is the divisibility of c1(s) in H
2(Y,Z)/Torsion.
Now we discuss the compactness of the trajectory moduli space. For the case of a 3-manifold
Y with b1(Y ) > 0 and c1(s) 6= 0 in H2(Y,R), we know that Mˆ(α, β), the quotient of M(α, β)
by R, has infinitely many components. Assume i(α) − i(β) = k + 1(mod d(s)) with k ≥ 0, then
Mˆ(α, β) = ∪n∈NMˆk+nd(s)(α, β)
where Mˆk+nd(s)(α, β) is the union of components of dimension k + nd(s) in Mˆ(α, β). We now
summarize the compactness results and refer to page 501-549 in [20] for the proofs.
Proposition 3.18. (Theorem 4.23 [20]) For any 3-manifold (Y, g, s) with a Riemannian metric
g and a Spinc structure s, assume c1(s) 6= 0 if b1(Y ) > 0, then Mˆk+nd(s)(α, β) (Mˆ(α, β) for
b1(Y ) = 0) can be compactified by adding lower dimensional boundary strata of broken trajectory
moduli spaces. Namely, for b1(Y ) = 0, the boundary strata are of the form
⋃
α1,···αj
Mˆ(α, α1)× Mˆ(α1, α2)× · · · × Mˆ(αj , β).
Here the union is over all possible sequences of critical points α, α1, · · ·αj , β with decreasing
indices. For b1(Y ) > 0 and c1(Y ) 6= 0, Mˆk+nd(s)(α, β) can be compactified by adding boundary
strata of the form
⋃
α1,···αj
Mˆk0(α, α1)× Mˆk1(α1, α2)× · · · × Mˆkj (αj , β).
Here the union is over all possible sequences of critical points α, α1, · · ·αj , β with
k0 + k1 + · · ·+ kj ≤ k + nd(s)− j and ki = i(αi, αi+1)(mod d(s)).
With these compactness results for the moduli space, we have the following corollary which
will be crucial for the construction of Seiberg-Witten-Floer homology.
Corollary 3.19. 1. Let (Y, s) be a homology 3-sphere or b1(Y ) > 0 with c1(s) 6= 0, then the
zero dimensional components Mˆ0(α, β) for two critical points α and β of relative index 1
are compact, and consist of finitely many oriented points.
2. Let (Y, s) be a homology 3-sphere or b1(Y ) > 0 with c1(s) 6= 0, let α, γ be two irreducible
critical points in MY (s, η) with relative index i(α, γ) = 2, or 2 mod d(s) for b1(Y ) > 0.
Then the boundary of Mˆ1(α, γ) (an oriented, compact 1-manifold) consists of the union
⋃
β∈M∗
s,p
Mˆ0(α, β) × Mˆ0(β, γ)
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where β runs over those critical points β with relative index i(α, β) = 1 or 1 mod d(s) for
b1(Y ) > 0.
Remark 3.20. For a 3-manifold (Y, s) with b1(Y ) > 0 and c1(s) = 0, we need to perturb by a co-
closed 2-form η such that [∗η] representing a non-trivial cohomology class. Then Cη has finitely
many critical points MY (s, η), which are all irreducible and have Z-valued indices. Note that
in this case Cη(g.(A,ψ))−Cη(A,ψ) = 〈[g]∪ [η], [Y ]〉, which is a multiple of a positive number eη
(eη depends on η). For two critical points α and β with relative index k+1 > 0, and for generic
p, Mˆ(α, β) is an oriented and smooth manifold of dimension k, Mˆ(α, β) = ⋃n∈N Mˆ(n)(α, β)
where Mˆ(0)(α, β) is the union of components in Mˆ(α, β) with minimal energy e0(α, β), and
for n > 0, Mˆ(n)(α, β) is the the union of components in Mˆ(α, β) with energy e0(α, β) + neη.
Moreover Mˆ(n)(α, β) can be compactified by adding boundary strata of the form
⋃
α1,··· ,αl
Mˆ(i0)(α, α1)× Mˆ(i1)(α1, α2)× · · · × Mˆ(il)(αl, β).
Here the union is over all possible sequences of α0 = α, α1, · · · , αl, αl+1 = β with decreasing
indices and
∑l
j=0 e0(αj , αj+1) +
∑l
j=0 ijeη ≤ e0(α, β) + neη.
3.4 Seiberg-Witten-Floer homology: definition and properties
In this section, we will only construct the Seiberg-Witten-Floer homology for (Y, s) when (Y, s)
has b1(Y ) > 0 and c1(s) 6= 0. When Y is a homology sphere, there is an equivariant Seiberg-
Witten-Floer homology, developed in [20], which is a topological invariant.
Let (Y, g, s) be an oriented, closed 3-manifold with a Riemannian metric g and a Spinc
structure s. For a generic η, the critical points of Cp consist of finitely many, non-degenerate
points, which we denote by MY (s, η), all irreducible.
The Floer complex CSW∗ (Y, s) is generated freely by the critical points in MY (s, η) with a
relative d(s)-grading
C∗(Y, s) = ⊕α∈MY (s,η)Z. < α > .
The boundary operator ∂ on C∗(Y, s) is defined by
∂(< α >) =
∑
β∈MY (s,η)
nαβ < β >,
where nαβ is given by counting the points in Mˆ0(α, β) (an oriented, smooth, compact 0-manifold
from Corollary 3.19) with sign.
Lemma 3.21. ∂ ◦ ∂ = 0.
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Proof. By definition,
∂2(< α >) =
∑
β∈MY (s,η)
nαβ∂(< β >)
=
∑
β∈MY (s,η)
∑
γ∈MY (s,η)
nαβnβγ < γ > .
where β runs over the critical points with relative index i(α, β) = 1mod(∂(s)), γ runs over the
critical points with relative index i(α, γ) = 2mod(∂(s)). We want to show that
∑
{β|i(α,β)=1mod(d(s))}
nαβnβγ = 0
for any γ ∈MY (s, η) with i(α, γ) = 2mod(d(s)). We know that the number
∑
{β|i(α,β)=1mod(d(s))}
nαβnβγ
is the number of oriented boundary points of the 1-manifold Mˆ1(α, γ) by Corollary 3.19, and
hence is zero.
Now we can define the Seiberg-Witten-Floer homology.
Definition 3.22. For any closed oriented 3-manifold Y with a Spinc structure, the Seiberg-
Witten-Floer homology is defined to be
HFSW∗ (Y, s) = H∗(C
SW
∗ (Y, s), ∂∗), (38)
which is a Zd(s)-graded and finitely generated Abelian group.
Remark 3.23. The Seiberg-Witten-Floer homology can be thought as a refinement of the
Seiberg-Witten invariant for a 3-manifold Y with a Spinc structure s, in the sense that the
Seiberg-Witten invariant for (Y, s) is the Euler characteristic of the Seiberg-Witten-Floer ho-
mology HFSW∗ (Y, s).
The definition of HFSW∗ (Y, s) involves both the metric and perturbations. The fol-
lowing proposition shows that for a 3-manifold Y with b1(Y ) > 0 and c1(s) 6= 0,
the Seiberg-Witten-Floer homology is a topological invariant, independent of the met-
ric and generic perturbations η and p. We then show that there is an the action of
A(Y ) = Sym∗(H0(Y,Z))⊗ Λ∗(H1(Y,Z)/torsion) on HFSW∗ (Y, s).
Proposition 3.24. For any closed oriented 3-manifold Y with a Spinc structure s such that
c1(s) is non-torsion, then HF
SW
∗ (Y, s) is a topological invariant and there is an action of Z[U ]
on HFSW∗ (Y, s) where the U -action decreases the relative grading by 2.
36
Proof. The proof of topological invariance can be found in [20]. The Z[U ]-module structure
can also be extracted from the isomorphism between HFSW∗ (Y, s) and the corresponding equiv-
ariant Seiberg-Witten-Floer homology HFSW∗,U(1)(Y, s). Here we sketch a more direct proof of
the existence of a Z[U ]-module structure on HFSW∗ (Y, s). In subsection 5.3 of [20], there is an
associated integer mαγ for each pair of critical points α and γ in MY (s, η) of relative index 2
mod(d(s)), defined as follows.
LetM2(α, β) be the 2-dimensional components of the moduli space of parametrized flowlines
between α and γ. There is a U(1)-principal bundle overM2(α, β), denoted by M˜2(α, β), which
is the based moduli space corresponding to M2(α, β). That is, fix a base point (t0, y0) ∈ R× Y
and a complex line Ly0 in the fiber Wy0 of the spinor bundle W over Y such that Ly0 doesn’t
contain the spinor part of any critical point in MY (s, η). Such Ly0 exists due to the fact that
MY (s, η) consists of finitely many irreducible critical points. Note also that the space of such
Ly0 is path-connected. Then there is a complex line bundle Lαγ over M2(α, β)
Lαγ = M˜2(α, β)×U(1) (Wy0/Ly0)
with a canonical section
sαγ([A,Ψ]) = ([A,Ψ],Ψ(t0, y0)).
This canonical section determines a trivialization of Lαγ away from a compact set (see Lemma
5.7 in [20]) by the choice of Ly0. Then the relative Euler number of (Lαγ , sαγ) defines an
integer mαγ for each pair of α and γ with relative index 2 mod(d(s)). The system of integers
{mαγ : i(α, γ) = 2mod(d(s))} satisfies the following properties (Cf. Lemma 5.7 and Remark 5.8
in [20]): mαγ is independent of the choices of base points and Ly0 , and for α and δ two critical
points with relative index 3 mod(d(s)), then
∑
{β|i(α,β)=1mod(d(s))}
nαβmβδ −
∑
{γ|i(αγ)=2mod(d(s))}
mαγnγδ = 0. (39)
Now we can define a map
U : CSW∗ (Y, s) −→ CSW∗−2(Y, s)
< α > 7→
∑
{γ|i(α,γ)=1mod(d(s))}
mαγ < γ > .
(40)
Identity (39) implies that U induces a map on the Seiberg-Witten-Floer homology which de-
creases the relative grading by 2. This is the Z[U ] module structure on HFSW∗ (Y, s).
Now we define the action of A(Y ) = Sym∗(H0(Y,Z)) ⊗ Λ∗(H1(Y,Z)/Torsion) on
HFSW∗ (Y, s). Note that Sym
∗(H0(Y,Z)) ∼= Z[U ], so we only need to define an action of
Λ∗(H1(Y,Z)/Torsion) on HF
SW
∗ (Y, s).
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Let π be an embedded loop in Y which represents a non-torsion element in H1(Y,Z). For any
α and β two critical points in MY (s, η) with relative index 1 mod(d(s)), let M1(α, β) denote
the 1-dimensional components of the moduli space of parametrized flowlines between α and β.
Then there is a universal line bundle over π ×M1(α, β) constructed as follows: for any point
y ∈ π, the based moduli space with base point (t0, y) defines a U(1)-bundle over M1(α, β).
Varying y in π gives rise to a universal line M˜1π(α, β) over π ×M1(α, β).
As in the proof of Proposition 3.24, choose a fixed base point y0 and a complex line
Ly0 ⊂Wy0 , then there is an associated complex line bundle
Lπαβ = M˜1π(α, β) ×U(1) (Wy0/Ly0)
over π×M1(α, β), endowed with a canonical section sπαβ defined in a fashion similar to that in
the proof of Proposition 3.24. This canonical section sπαβ also defines a trivialization away from
a compact set in π ×M1(α, β). The corresponding relative Euler number is denoted by παβ :
it counts the zeros of a generic section which agrees with the trivialization determined by sπαβ .
The standard cobordism argument implies that παβ is independent of the choice of embedded
loop π, hence we can denote this relative Euler number as [π]αβ for any non-torsion element
[π] ∈ H1(Y,Z). This defines a map of degree −1 on the Seiberg-Witten-Floer chain complex:
[π] CSW∗ (Y, s) −→ CSW∗−1(Y, s)
< α > 7→
∑
{β|i(α,β)=1mod(d(s))}
[π]αβ < β > .
(41)
Proposition 3.25. [π] is a chain map and satisfies [π] ◦ [π] = 0, hence it defines an action of
Λ∗(H1(Y,Z)/Torsion) on the Seiberg-Witten-Floer homology HF
SW
∗ (Y, s).
Proof. First, we show that [π] is a chain map. Let α and γ be two critical points of relative
index 2 mod(d(s)). LetM2(α, γ)∗ be the induced partial compactification of the 2-dimensional
components ofM(α, γ) obtained by adding the broken flowlines. Note that,M2(α, γ)∗ consists
of finitely many cylinders (homeomorphic to S1×R), and finitely many bands (homeomorphic to
[0, 1]×R). The boundary ends in the bands correspond to the unparametrised broken flowlines
⋃
{β|i(α,β)=1mod(d(s))}
Mˆ0(α, β) × Mˆ0(β, γ),
where Mˆ0(α, β) and Mˆ0(β, γ) are the quotients of M1(α, β) and Mˆ1(β, γ) by the R-action
respectively. There is a complex line bundle Lπαγ over π ×M2(α, γ)∗ with a canonical section
sπαγ , constructed in a fashion similar to that of (Lπαβ , sπαβ) in the proof of Proposition 3.24.
Away from a compact set in π ×M2(α, γ)∗, sπαγ is nowhere vanishing, hence it determines a
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trivialization of Lπαγ away from a compact set. The zeros of a section which agrees with sπαγ
away from a compact set form an oriented smooth 1-manifold. Such sections we refer to as
generic sections of (Lπαγ , sπαγ). Looking at the boundary of this zero set we see that it consists
of
⋃
{β|i(α,β)=1mod(d(s))}
(
sˆ−1αβ(0)× Mˆ0(β, γ) ∪M0(α, β) × sˆ−1βγ (0)
)
.
Here sˆαβ and sˆβγ are generic sections of (Lπαβ , sπαβ) and (Lπβγ , sπβγ) respectively. The counting
of these boundary points implies that
∑
{β|i(α,β)=1mod(d(s))}
[π]αβnβγ −
∑
{β′|i(α,β′)=1mod(d(s))}
nαβ′ [π]β′γ = 0.
Hence [π] is a chain map so we have defined an action of H1(Y,Z)/Torsion on HF
SW
∗ (Y, s).
To get [π]◦ [π] = 0 on the chain level, we need to give another way of calculating the relative
Euler number of (Lπαβ , sπαβ) in terms of the following holonomy map:
hπαβ : M1(α, β) −→ U(1),
where hπαβ([A,Ψ]) is given by the holonomy of A along the loop {t0} × π for any
[A,Ψ] ∈ M1(α, β). Let ω be the standard closed 1-form on U(1) with integral one over U(1).
Then pulling back:
[π]αβ =
∫
M1(α,β)
(hπαβ)
∗ω
which is the winding number of the holonomy map hπαβ , that is, the counting of a generic fiber
of hπαβ .
Now for two critical points α and γ with relative index 2 mod(d(s)), the corresponding
holonomy map can be extended over the partial compactification ofM2(α, γ)∗. We denote this
holonomy map by hπαγ . Then the fiber of h
π
αγ at a generic point p ∈ U(1) is an oriented smooth
1-manifold whose boundary consists of
⋃
{β|i(α,β)=1mod(d(s))}
(hπαβ)
−1(p)× (hπβγ)−1(p).
Counting these boundary points with sign, we obtain
∑
{β|i(α,β)=1mod(d(s))}
[π]αβ [π]βγ = 0.
This shows that [π]◦[π] = 0 on the chain level. Hence there is an action of Λ∗(H1(Y,Z)/Torsion)
on the Seiberg-Witten-Floer homology HFSW∗ (Y, s).
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Let (−Y,−s) be the 3-manifold Y with the reversed orientation. There is a one-to-one
correspondence between the 3-dimensional monopoles on (Y, s) and (−Y,−s)
MY (s, η) ∼=M−Y (−s,−η)
which sends α 7→ αˆ, such that
iY (α, β) = i−Y (βˆ, αˆ).
There is also an orientation preserving diffeomorphism between the moduli space of gradient
flow lines for the Chern-Simons-Dirac functionals on (Y, s) and (−Y,−s):
MR×Y (α, β) ∼=MR×−Y (βˆ, αˆ).
Hence from the construction of the Seiberg-Witten-Floer homology, we see that C−∗(−Y,−s)
can be identified to the dual complex of C∗(Y, s). This gives rise to a natural pairing
〈 , 〉 : HFSW∗ (Y, s)×HFSW−∗ (−Y,−s) −→ Z, (42)
which satisfies the following properties whose proofs are immediate from the definition:
1. For two relative degree 2 cycles Ξ1 and Ξ2 inHF
SW
∗ (Y, s) andHF
SW
−∗ (−Y,−s) respectively
< U(Ξ1),Ξ2 >=< Ξ1, U(Ξ2) >.
2. For two relative degree 1 cycles Ξ1 and Ξ2 inHF
SW
∗ (Y, s) andHF
SW
−∗ (−Y,−s) respectively,
and any [π] ∈ H1(Y,Z)/Torsion ∼= H1(−Y,Z)/Torsion, < [π](Ξ1),Ξ2 >=< Ξ1, [π](Ξ2) >.
Thus, < z.Ξ1,Ξ2 >=< Ξ1, z.Ξ2 > for any z ∈ A(Y ) ∼= A(−Y ), for any cycles Ξ1 ∈ HFSW∗ (Y, s)
and Ξ2 ∈ HFSW−∗ (−Y,−s) respectively.
3.5 Variants of the Seiberg-Witten-Floer homology
The Seiberg-Witten-Floer homology HFSW∗ (Y, s), as defined in the previous subsection, is a
finitely generated Zd(s)-graded Abelian group. There are various ways of defining Z-graded
Seiberg-Witten-Floer homology groups for any closed oriented 3-manifold Y with a non-torsion
Spinc structure s. These were briefly discussed at the end of section 4.1 of [20]. In this subsection,
we propose a way of defining Z-graded Seiberg-Witten-Floer homology, which will be convenient
for our later description of the relative Seiberg-Witten invariant for a 4-manifold with cylindrical
end modelled on ([−2,∞)× Y, s).
Notice that the first Chern class of the non-torsion Spinc structure s defines a homomorphism:
c1(s) : H
1(Y,Z) −→ Z by c1(s)([u]) =< [u] ∪ c1(s), [Y ] > for any element [u] ∈ H1(Y,Z).
For any subgroup K ⊆ Ker(c1(s)), there is a subgroup GKY of the full gauge transformation
group GY , whose elements lie in the connected components determined by K (note that the
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group of connected components of GY isH1(Y,Z)). Consider the Seiberg-Witten-Floer homology
theory for the Chern-Simons-Dirac functional on the configuration space AY modulo the gauge
group GKY . The critical point set, denoted by MY,K(s, η), is a covering space
πK : MY,K(s, η) −→MY (s, η)
whose fiber is anH1(Y,Z)/K-homogeneous space, hence, there is a natural action ofH1(Y,Z)/K
on MY,K(s, η).
The generators of this variant of the Seiberg-Witten-Floer chain complex are elements in
MY,K(s, η), with relative Z-graded indices. Denote this chain complex by
CSW∗,[K](Y, s) =
∑
Γ∈MY,K(s,η)
Z < Γ > .
The boundary operator ∂K is given by counting the gradient flowlines of the perturted CSD
functional on AY /GKY connecting two critical points with relative index 1. Fix an element
Γα ∈ π−1K (α), for any critical point β ∈MY (s, η), there is an orientation presevering diffeomor-
phism
M(α, β) ∼=
⋃
Γβ∈π
−1
K (β)
M(Γα,Γβ),
where M(Γα,Γβ) is the moduli space of flowlines on AY /GKY connecting Γα and Γβ . Hence,
it is easy to see that there is a well-defined topological invariant, given by the homology of
this new version of the Seiberg-Witten-Floer chain complex, though not finitely generated, still
admitting an action of A(Y ).
Definition 3.26. For any subgroup K ⊆ Ker(c1(s)), there is a variant of the Seiberg-Witten-
Floer chain complex, whose generators are elements from the covering space MY,K(s, η) of
MY (s, η), and the boundary operator is given by counting the gradient flowlines of the perturbed
CSD functional on AY /GKY connecting two critical points with relative index 1. We denote
the Seiberg-Witten-Floer homology in this setting by HFSW∗,[K](Y, s), the actions of elements in
H0(Y,Z) and H1(Y,Z)/Torsion decreasing degree in HF
SW
∗,[K](Y, s) by 2 and 1 respectively.
From the definition, it is easy to get the following periodicity property for
HFSW∗,[Ker(c1(s))](Y, s):
HFSWm,[Ker(c1(s))](Y, s)
∼= HFSWm mod (d(s))(Y, s), (43)
for any m ∈ Z.
Remark 3.27. From the natural action of H1(Y,Z)/K on the generators of the chain complex
CSW∗,[K](Y, s), HF
SW
∗,[K](Y, s) can be thought as an H1(Y,Z)/K-equivariant Seiberg-Witten-Floer
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homology of (Y, s). For any [u] ∈ H1(Y,Z)/K, the action of [u] on HFSW∗,[K](Y, s) is the following
A(Y )-equivariant homomorphism:
[u] : HFSW∗,[K](Y, s) −→ HFSW∗−n,[K](Y, s)
with n =< [u] ∧ c1(s), [Y ] > .
For (−Y,−s), where −Y is Y with the reversed orientation and −s is the induced Spinc
structure, the corresponding Seiberg-Witten-Floer complex CSW∗,[K](−Y,−s) is the dual complex
of CSW∗,[K](Y, s). This gives a natural pairing
〈 , 〉 : HFSW∗,[K](Y, s)×HFSW−∗,[K](−Y,−s) −→ Z
satisfying < z.Ξ1,Ξ2 >=< Ξ1, z.Ξ2 > for any z ∈ A(Y ) ∼= A(−Y ) and any cycles
Ξ1 ∈ HFSW∗,[K](Y, s) and Ξ2 ∈ HFSW−∗,[K](−Y,−s) respectively.
For any subgroup K in Ker(c1(s)), there is a chain map C
SW
∗,[K](Y, s)→ CSW∗ (Y, s) induced
from the map πK , which descends to an A(Y )-equivariant homomorphism
πK : HF
SW
∗,[K](Y, s) −→ HFSW∗ (Y, s). (44)
Let K1 ⊂ K2 be two subgroups in Ker(c1(s)). There is a covering map
π : MY,K1(s, η) −→MY,K2(s, η)
which induces a map:
π∗ : C
SW
∗,[K1]
(Y, s) −→ CSW∗,[K2](Y, s)
assigning the generator < Γ > of C∗,[K1](Y, s) to < π(Γ) > in C∗,[K2](Y, s). For any α, β
in MY,K2(s, η) of relative index 1, and for any fixed Γα in π−1(α), there is an orientation
preserving diffeomorphism:
MR×Y (α, β) ∼=
⋃
Γβ∈π−1(β)
MR×Y (Γα,Γβ).
which implies that π∗ is a chain map and induces an A(Y )-equivariant homomorphism
π : HFSW∗,[K1](Y, s) −→ HFSW∗,[K2](Y, s). (45)
For any two subgroupsK1 andK2 inKer(c1(s)), we have the following commutative diagram
which relates various covering spaces of MY (s, η):
MY,K1(s, η)
π1
ր
π1ց
MY,K1∩K2(s, η)
π0−→ MY (s, η)
π2
ց
π2ր
MY,K2(s, η)
(46)
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where the fibers of π0, π
1, π1, π
2 and π2 are the homogeneous spaces of H
1(Y,Z)/(K1 ∩ K2),
K1/(K1 ∩K2), H1(Y,Z)/K1, K2/(K1 ∩K2) and H1(Y,Z)/K2 respectively.
Fix an element in MY,K1∩K2(s, η), then there is a well-defined Z-graded index on
MY,K1∩K2(s, η), as K1 and K2 are two subgroups of Ker(c1(s)). Hence there are the induced
Z-graded indices on MY,K1(s, η) and MY,K2(s, η). The A(Y )-equivariant homomorphisms as
provided in (45) and (44) induce the following commutative diagram of A(Y )-equivariant ho-
momorphisms.
HFSW∗,[K1](Y, s)π1
ր
π1ց
HFSW∗,[K1∩K2](s, η)
π0−→ HFSW∗ (s, η)
π2
ց
π2ր
HFSW∗,[K2](s, η)
(47)
4 Gluing formulae for 4-dimensional Seiberg-Witten in-
variants
In this Section, we will study the Seiberg-Witten invariant of a closed smooth 4-manifoldX with
b+2 (X) > 1 and Spin
c structure s by stretching its metric along a smooth embedded separating
3-manifold Y with the condition that s|Y is non-torsion. Consider a 1-parameter family of
metrics {gR}R>0 on X such that for each (X, gR), there is an isometrical embedding
([−R− 2, R+ 2]× Y, dt2 + gY ) −→ (X, gR). (48)
Write for brevity, X(R) = (X, gR).
As Y separates X = X(0), we write X(0) = X+∪X− with Y = {0}×Y = X+ ∩X−. There
is a canonical orientation preserving isometry
ΘR : X(R)− {0} × Y −→ X+(R) ∪X−(R),
where X+(R) = X+ ∪ [0, R] × Y,X−(R) = X− ∪ [−R, 0] × Y . As R → ∞, X±(R) become
4-manifolds with cylindrical ends modelled on [−2,∞)× Y and (−∞, 2]× Y . We denote these
4-manifolds by X±(∞).
Now, it is generally believed that, in some favorable cases, the moduli space of the Seiberg-
Witten monopoles on X(R), for a sufficiently large R, can be obtained by gluing together the
moduli spaces for X±(∞) over the ends. In this section, we will establish this gluing theorem
and give an expression for the Seiberg-Witten invariant of X in terms of certain relative Seiberg-
Witten invariants for X±(∞).
First we need to study the moduli space of Seiberg-Witten monopoles on X±(∞) with
Spinc structures s± which are the pull-back Spin
c structures when restricted to the ends. We
43
assume that s±|Y = ±t is a non-torsion Spinc structure. Then we will define relative Seiberg-
Witten invariants for (X±(∞), s±) which take values in certain variants of the Seiberg-Witten-
Floer homology groups HFSW∗ (Y, t) and HF
SW
∗ (−Y,−t) respectively. As an application of
the Seiberg-Witten-Floer homology, we will prove the gluing formula for the Seiberg-Witten
invariants on X as claimed in Theorem 1.2.
4.1 Moduli space for 4-manifolds with cylindrical ends
Let X+(∞) be a Riemannian 4-manifold with a cylindrical end modelled on [−2,∞) × Y and
endowed with a Spinc structure s+ such that s+|[−2,∞)×Y is the pull-back Spinc structure of
a non-torsion Spinc structure t on Y . Associated to s+, there is a pair of rank 2 Hermitian
bundles W± on X+(∞), a complex line bundle det(s) = det(W±), and a Clifford multiplication
endomorphism
T ∗X+(∞)⊗W± −→W∓.
Using the Clifford multiplication of dt over [−2,∞) × Y , W± can be identified with a rank 2
Hermitian bundle W on Y , and there is an induced Clifford multiplication homomorphism
ρ : T ∗Y ×W −→W.
Then t = (W,ρ) is the Spinc structure on Y as in the Definition 2.1.
The perturbed Seiberg-Witten equations on (X+(∞), s+) are the following equations, for a
pair consisting of an L22,loc-connection A on det(s) and an L
2
2,loc-section Ψ in W
+, given by


F+
A
= q(Ψ,Ψ) + ω + χ(η+ + p+
A
)
/DAΨ = χpΨ.
(49)
Here ω is an imaginary valued self-dual 2-form supported in a non-empty open set in
X+(−2) = X+(0) − [−2, 0] × Y , χ is a cut-off function on X+(∞) which is 1 on [0,∞) × Y
and 0 on X+(−2), and (η+ + p+A , pΨ) is the perturbation of the Seiberg-Witten equations on
[−2,∞) × Y as written in (30) (where η and p satisfy Remark (3.4) and Condition (3.12) in
their Baire sets). The perturbed Seiberg-Witten equations (49) are invariant under the action
of the gauge group, which is the group of L23,loc-maps from X+(∞) to U(1).
Let (A,Ψ) be a solution to the perturbed Seiberg-Witten equations (49) on (X+(∞), s+),
in temporal gauge when restricted to the end [−2,∞)× Y . The corresponding path, which is a
gradient flowline of Cη,p, is denoted by γ(t) = (A(t), ψ(t)) : [−2,∞)→ AY . We say that (A,Ψ)
has finite energy if
lim
t→∞
(Cη,p(γ(−2))− Cη,p(γ(t)))
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exists and is finite. The finite energy condition is equivalent to the following condition (see
Lemma 3.13): ∫ ∞
−2
(‖∂A
∂t
‖2L2(Y ) + ‖
∂ψ
∂t
‖2L2(Y )
)
dt <∞. (50)
Any solution to the perturbed Seiberg-Witten equations (49) on (X+(∞), s+) is smooth. We
put a topology on the set of solutions by its embedding to
L22,loc(Ω
1(X+(∞), iR)⊕ Γ(W+))⊕ R
where the last component is given by
∫ ∞
−2
(‖∂A
∂t
‖2L2(Y ) + ‖
∂ψ
∂t
‖2L2(Y )
)
dt for the associated path
(A(t), ψ(t)) determined by restricting a solution (A,Ψ) to [−2,∞) × Y (which is in temporal
gauge). Under this topology, the action of the L23,loc gauge group is smooth on the set of finite
energy solutions.
The moduli space of 4-dimensional monopoles on (X+(∞), s+) is defined to be the quotient
of the set of finite energy solutions to (49) by the action of the L23,loc gauge group with the
quotient topology. Denote by MX+(s+) the moduli space of monopoles on (X+(∞), s+).
By Lemma 3.13 and Lemma 3.14, we know that any finite energy solutions to (49) de-
cay exponentially to a 3-dimensional Seiberg-Witten monopole representing a critical point in
MY (s, η). The proof of the following proposition is straightforward.
Proposition 4.1. Let (X+(∞), s+) be a complete Riemannian 4-manifold with a cylindrical
end [−2,∞) × Y and a Spinc structure s such that s|[−2,∞)×Y is the pull-back Spinc structure
of a non-torsion Spinc structure t on Y . Let (A,Ψ) be a finite energy solution to the perturbed
Seiberg-Witten equations (49)) on (X+(∞), s+), in temporal gauge when restricted to the end
[−2,∞)×Y and denoted by (A(t), ψ(t)). Then there is a constant δ > 0, and a constant C > 0,
such that there is a 3-dimensional monopole (Aα, ψα) representing a critical point α ∈MY (t, η)
for which
∑
0≤k≤2
(
|∇k(A(t) −Aα)|+ |(∇Aα)k(ψ(t) − ψα)|
)
≤ Ce−δt
for any point (t, y) ∈ [0,∞)× Y .
This proposition ensures that there is a boundary asymptotic limit map
∂∞ : MX+(s+) −→MY,X+(t, η) (51)
where MY,X+(t, η) is the quotient of solutions to the perturbed Seiberg-Witten equations (9)
on (Y, t, η) by the action of those gauge transformations on Y which can be extended to X+(0).
Note that MY,X+(t, η) is a covering space of MY (t, η), whose fiber is an H1(Y,Z)/Im(i∗+)-
homogeneous space, where Im(i∗+) is the range of i
∗
+ : H
1(X+,Z) → H1(Y,Z). Notice that
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Im(i∗+) is a subgroup of Ker(c1(t)) where c1(t) is the map from H
1(Y,Z) → Z defined in
Subsection 3.5.
Over the end [−2,∞)× Y , if (X+, s+) is modelled on (Y, t = (W,ρ)) up to an isomorphism
u ∈ C∞(Y, U(1)), the equivalent classes of such modelling is given by [u] ∈ H1(Y,Z)/Im(i∗+)
determined by the connected component of C∞(Y, U(1)) which u belongs to. Then the cor-
responding asymptotic value map is given by [u] ◦ ∂∞ with [u] ∈ H1(Y,Z)/Im(i∗+) acting on
MY,X+(t, η).
Denote by π+ the covering map MY,X+(t, η) → MY (t, η). Let MX+(s+, α) be the sub-
space of MX+(s+) whose elements decay in the L22,δ-topology to a 3-dimensional monopole
representing α in MY (t, η). Then we know that
MX+(s+, α) =
⋃
Γα∈π
−1
+ (α)
MX+(s+,Γα)
where MX+(s+,Γα) = ∂−1∞ (Γα) is the fiber of the boundary limit map (51) over Γα. Then
Proposition 4.1 tells us that MX+(s+,Γα) is the moduli space of solutions to the perturbed
Seiberg-Witten equations (49) with (A,Ψ) belonging to
(Aα,Ψα) + L
2
2,δ(Ω
1(X+(∞), iR)⊕ Γ(W+)) (52)
where (Aα,Ψα) is a smooth pair consisting of a U(1)-connection on det(s) and a section of
W+ on X+(∞), which extends (Aα, ψα) on [−2,∞) × Y (as a constant pair representing
Γα ∈MY,X+(Y, s+)). The corresponding gauge group is the L23,δ-gauge transformation group.
The following proposition describes the structure of MX+(s+,Γα). It is a smooth oriented
manifold with dimension given by the Fredholm index of an operator Dx labelled by an element
x ∈ MX+(s+,Γα) representing a solution (A,Ψ) to the perturbed Seiberg-Witten equations
(49). The definition of
Dx : L22,δ
(
Ω1(X+(∞), iR)⊕ Γ(W+)
) −→ L21,δ(Ω0(X+(∞), iR)⊕ Ω2,+(X+(∞), iR)⊕ Γ(W−))
is
Dx(b,Φ) =


G∗(A,Ψ)(b,Φ)
d+b− 2q(Ψ,Φ)− p+
A
(b,Φ)
/DAΦ+
1
2b.Ψ+ pΨ(b,Φ).
(53)
where G∗(A,Ψ) is the adjoint of the linearization of the gauge group action in L
2
δ-norm, the terms
involving p+
A
and pΨ come from the linearization of the perturbation term in (49) supported
in [−2,∞) × Y . Note that Dx is indeed a Fredholm operator, whose index is given by the
Atiyah-Patodi-Singer index formula:
iX+(Γα) =
1
4
( −1
4π2
∫
X+(∞)
FA ∧ FA − 2χ(X+)− 3σ(X+)
)
+
1
2
ρ(Γα), (54)
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where ρ(Γα) is the rho-invariant of the boundary operator T(Aα,ψα) (Cf. the extended Hessian
operator (13)). Note that −14π2
∫
X+(∞)
FA∧FA is finite for any finite energy solution (Cf. Corollary
3.15)), and σ(X+) is the signature of the intersection form on H
2(X+(0), Y ;R) and χ(X+) is
2− 2b1 + b2 with b1 = dimH1(X+(0), Y ;R) and b2 = dimH2(X+(0), Y ;R).
Proposition 4.2. Fix an open set U ⊂ X+(−2) away from the boundary of X+(−2). There
is a Baire set of smooth imaginary-valued 2-forms with compact support in U such that for
any Γα ∈ MY,X+(t, η): if iX+(Γα) < 0, then MX+(s+,Γα) is empty while if iX+(Γα) ≥ 0 and
MX+(s+,Γα) is non-empty, then MX+(s+,Γα) is a smooth manifold of dimension iX+(Γα)
oriented with a choice of orientation for the line ΛtopH1(X+(0), Y ;R)⊗ΛtopH2,+(X+(0), Y ;R).
Moreover, the cokernel of Dx is trivial for any x ∈MX+(s+,Γα).
The proof of this proposition is fairly standard, we omit the details here, see Proposition
2.14 [20], Proposition 8.5 and Corollary 9.2 in [25], Proposition 2.2 and Proposition 2.3 [33].
Remark 4.3. From the expression for the dimension formula (54), we know that if Γα and Γ
′
α
are two different points in π−1(α), there is a gauge transformation u on det(t) whose associated
cohomology class [u] is non-zero in H1(Y,Z)/Im(i∗+), such that u(Γα) = Γ
′
α in π
−1
+ (α). Then
iX+(Γα)− iX+(Γ′α) =< [u] ∧ c1(t), [Y ] > .
Note that if [u] ∈ Ker(c1(t)), then < [u] ∧ c1(t), [Y ] >= 0. The relative grading on MY (t, η)
defined in Definition 3.6 is related to iX+ in the following way:
i(α, β) = iX+(Γβ)− iX+(Γα)(mod d(t)),
where Γα ∈ π−1+ (α) and Γβ ∈ π−1+ (β).
Under the smoothness condition in Proposition 4.2, we now study the compactness of various
components of the moduli space MX+(s+). It is convenient to assemble the components in
MX+(s+) with fixed dimension d ≥ 0 as follows
MdX+(s+) =
⋃
α∈MY (t,η)
( ⋃
Γα∈π
−1
+ (α),iX+ (Γα)=d
MX+(s+,Γα)
)
. (55)
Then MX+(s+) = ∪d≥0MdX+(s+), each MdX+(s+) is called a stratum of dimension d in
MX+(s+).
The next proposition establishes the required compactification for each stratum of dimension
d in MX+(s+).
Proposition 4.4. For any d ≥ 0, and each α ∈ MY (t, η), there are only finitely many Γα
in π−1+ (α) with non-empty moduli space MX+(s+,Γα) in MdX+(s+). Moreover, there exists a
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compactification of MdX+(s+), denoted by MdX+(s+), which is a smooth manifold with corners.
The codimension k boundary faces can be expressed in the following form
⋃
{α1,··· ,αk}
( ⋃
{Γα1 ,··· ,Γαk}
MX+(s+,Γα0)× MˆR×Y (Γα0 ,Γα1)× · · · × MˆR×Y (Γαk−1 ,Γαk)
)
.
Here {α1, · · · , αk} ⊂ MY (t, η) and Γαi ∈ π−1+ (αi) such that MX+(s+,Γαi) is non-empty for
each 0 ≤ i ≤ k,
d = iX+(Γαk) > iX+(Γαk−1) > · · · > iX+(Γα1) > iX+(Γα0) ≥ 0,
and MˆR×Y (Γαi ,Γαi−1) is the moduli space of unparametrized flowlines for Cη,p, connecting Γαi
and Γαi−1 on the configuration space AY modulo those gauge transformations which can be
extended to X+.
Proof. The proof is standard in Floer gauge theory, we only give a sketch here, following the
techniques developed in section 4 of [20].
There is a constant E depending only on the Riemannian metric on X+(∞) such that for any
finite energy solution (A,Ψ) in temporal gauge when restricted to [−2,∞)× Y , representing a
point inMdX+(s+), we have |Ψ(x)| ≤ E for any x ∈ X+(∞). This follows from the Weitzenbo¨ck
formula for the Dirac operator /DA and the fact that, over the end, (A,Ψ) satisfies the asymptotic
estimate of Proposition 4.1.
With this pointwise uniform bound on Ψ and the asymptotic estimate in Proposition 4.1,
there is a uniform bound on the L2-norm of F+
A
so that
− 1
4π2
∫
X+(∞)
FA ∧ FA = 1
4π2
∫
X+(∞)
(|F+
A
|2 − |F−
A
|2)dvolX+
is uniformly bounded. This implies that there is a uniform upper bound on the L2-norm of FA.
Now let (Ai,Ψi) represent a sequence of elements in MdX+(s+). Then the standard boot-
strapping arguments in elliptic regularity theory show that on any compact set of X+(∞),
there exists a subsequence of (Ai,Ψi) which, after suitable gauge transformations, converges in
C∞-topology to a finite energy solution to the perturbed Seiberg-Witten equations (49) on the
corresponding compact set of X+(∞). These procedures, as illustrated in Theorem 4.1 [20], will
produce an element in
⋃
{α1,··· ,αk}
( ⋃
{Γα1 ,··· ,Γαk}
MX+(s+,Γα0)× MˆR×Y (Γα0 ,Γα1)× · · · × MˆR×Y (Γαk−1 , (Γαk)
)
(56)
with {α1, · · · , αk} ⊂ MY (t, η) and Γαi ∈ π−1+ (αi) such that for each 0 ≤ i ≤ k
d = iX+(Γαk) > iX+(Γαk−1) > · · · > iX+(Γα1) > iX+(Γα0) ≥ 0.
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An easy consequence of this convergence argument is that there are only finitely many
Γα ∈ π−1+ (α) with non-empty MX+(s+,Γα) in MdX+(s+,Γα).
Next we need to show that any element in (56) can glued together to produce an element
in MX+(s+,Γαk). This is the multiple gluing theorem in Theorem 4.23 and Proposition 4.25
of [20]. This implies that for any Γαi appearing in (56), MX+(s+,Γαi) is non-empty. Note
that by the generic choices of various perturbations, all the moduli spaces in our discussion are
smooth and the cokernels of the corresponding Fredholm operators are trivial, hence there is no
obstruction in the multiple gluing theorem in Theorem 4.9 and Proposition 4.25 of [20].
The smooth structure with corners on the compactification can be obtained with the help
of Lemma 4.26 in [20], we omit the details.
We should remark that there is a family version of Proposition 4.2 and Proposition 4.4,
which will be crucial in the proof of the topological invariance of the various relative invariants
introduced in the next Subsection.
For simplicity, we assume that the Riemannian metric on Y , the perturbation η for the
non-degeneracy ofMY (s, η) and the perturbation p for the smoothness of the moduli spaces of
flowlines for Cη,p are fixed.
Let g0 and g1 be two Riemannian metrics on X+(∞) which agree with the product metric
dt2 + gY over the end [−2,∞) × Y . Let ω0 and ω1 be two compactly supported self-dual
forms, with respect to g0 and g1 respectively, in the Baire set in Proposition 4.2 such that the
claims in Proposition 4.2 and Proposition 4.4 hold for the moduli spaces MX+(s+, g0, ω0) and
MX+(s+, g1, ω1).
Proposition 4.5. There is a continuous interpolating family of metrics gt which agree with the
product metric dt2 + gY over the end [−2,∞) × Y and compactly supported self-dual forms ωt
such that, for any Γα ∈MY,X+(t, η) with iX+(Γα) = d ≥ 0, the family of moduli spaces
MFd (s+,Γα) =
⋃
t∈[0,t]
MdX+(s+,Γα, gt, ωt)
satisfies the following properties:
1. MFd (Γα) is a (d+1)-dimensional, oriented, smooth manifold and the parameter projection
MFd (Γα) → [0, 1] is smooth and admits a product structure near the ends of [0, 1]. The
orientation on MFd (Γα) is compatible with the orientations of MX+(s+,Γα, g0, ω0) and
MX+(s+,Γα, g1, ω1) as the boundary.
2. There is a compactification of MFd (Γα) which is compatible with the compactifications of
MX+(s+,Γα, g0, ω0) and MX+(s+,Γα, g1, ω1) described in Proposition 4.4. In particular,
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the codimension one boundary of the compactification of MFd (Γα) is given by
MX+(s+,Γα, g0, ω0) ∪ (−MX+(s+,Γα, g1, ω1))
∪⋃t∈[0,1]
(⋃
α0∈MY (t,η)
⋃
Γα0∈π
−1
+ (α0)
MX+(s+,Γα0 , gt, ωt)× MˆR×Y (Γα0 ,Γα)
)
.
Here Γα0 ∈ π−1+ (α0) and 0 ≤ iX+(Γα0) < d.
The proof of this proposition is just the family version of arguments in the proofs of Propo-
sition 4.2 and Proposition 4.4. We will not repeat the arguments here and leave the details to
the reader.
4.2 Relative invariants for 4-manifolds with boundary
Let X+(0) be an oriented 4-manifold with one boundary Y . We endow X+(0) with a complete
metric, denoted by X+(∞), so that X+(∞) has a cylindrical end modelled on [−2,∞) × Y .
Let s+ be a Spin
c structure on X+(∞) whose induced Spinc structure on Y is t such that
c1(t) is non-torsion. There is a subgroup Im(i
∗
+) of Ker(c1(t)) such that the covering map
MY,X+(t, η)→MY (t, η) has as its fiber an H1(Y,Z)/Im(i∗+)-homogeneous space.
Fix an orientation for the line ΛtopH1(X+(0), Y ;R)⊗ΛtopH2,+(X+(0), Y ;R). As studied in
the previous Section, the finite energy moduli space has a well-defined asymptotic limit map:
MX+(s+)→MY,X+(t, η).
The structure of MX+(s+) was established in Proposition 4.2 and Proposition 4.4.
Denote by A(X+) = Sym
∗(H0(X+))⊗ Λ∗(H1(X1)/Torsion) the free graded algebra gener-
ated by the class of the element in H0(X+) and the 1-cycle γ ∈ H1(X+) with degrees 2 and 1
respectively. Then the relative Seiberg-Witten invariant for (X+(∞), s+) will be defined as a
map
SWX+(s, ·) : A(X+) 7→ HFSW∗,[Im(i∗+)](Y, t).
For any monomial z = Ukγ1∧γ2∧· · ·∧γl in A(X+) with 2k+ l = d ≥ 0, we need to consider
all the components of dimension d, MdX+(s+) in MX+(s+). Recall that
MdX+(s+) =
⋃
α∈MY (t,η)
( ⋃
Γα∈π
−1
+ (α),iX+ (Γα)=d
MX+(s+,Γα)
)
.
Choose k-points {x1, · · · , xk} in X+(∞), and for each xi, choose a complex line Lxi in
W+xi (the fiber of W
+ over xi). Also choose l-loops Ξ = {π1, · · · , πl} representing 1-cycles
{γ1, · · · , γl}. For a generic choice of Λ = {(x1, Lx1), · · · , (xk, Lxk)}, as a subset ofMX+(s+,Γα)
(for Γα with indX+(Γα) = d),
MΛX+(s+,Γα) = {[A,Ψ] ∈MX+(s+,Γα)|Ψ(xi) ∈ Lxi , for each xi, 1 ≤ i ≤ k}
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is a l-dimensional, oriented and smooth submanifold ofMX+(s+,Γα). Moreover, MΛX+(s+,Γα)
meets with each boundary face of the compactification MX+(s+,Γα) transversally. This is
the consequence of Proposition 4.2 and Proposition 4.4 and the standard application of Sard
theorem.
Similarly, for any l-loops Ξ = {π1, · · · , πl}, there is a holonomy map
hΞ : MX+(s+,Γα) −→ U(1)l
given by the holonomies of [A,Ψ] ∈ MX+(s+,Γα) along loops in Ξ. Then for a generic point
q ∈ U(1)l, there is a 2k-dimensional, oriented and smooth submanifold MΞX+(s+,Γα) = h−1Ξ (q)
of MX+(s+,Γα). Moreover,MΞX+(s+,Γα) meets with each boundary face of the compactifica-
tion MX+(s+,Γα) transversally.
Then we obtain that
MΛ,ΞX+ (s+,Γα) =MΛX+(s+,Γα) ∩MΞX+(s+,Γα)
is a compact, 0-dimensional, oriented and smooth manifold. We write
SWX+(s+, z,Γα) = #
(MΛ,ΞX+ (s+,Γα)
)
,
an integer which is independent of the choices of Λ and Ξ, as the space of {Λ,Ξ} is path-
connected.
For those Γα with iX+(Γα) 6= d, we set SWX+(s+, z,Γα) = 0. Now we can define the
following chain element in CSWd,[Im(i∗+)]
(Y, t) (for d = deg(z)):
SWX+(s+, z) =
∑
α∈MY (t,η)
∑
Γα
SWX+(s+, z,Γα) < Γα > (57)
which is a finite sum according to Proposition 4.4.
Proposition 4.6. SWX+(s+, z) is a cycle in C
SW
d,[Im(i∗+)]
(Y, t) whose image in HFSWd,[Im(i∗+)]
(Y, t)
is independent of the metric and perturbation in the perturbed Seiberg-Witten equations (49).
Proof. To see that SWX+(s+, z) is a cycle we need to show that ∂
Im(i∗+)(SWX+(s+, z)) is
zero. Consider the (d+ 1)-dimensional components, Md+1X+ (s+), of MX+(s+). Express
Md+1X+ (s+) = ∪β∈MY (t,η)
⋃
Γβ∈π
−1
+ (β),iX+(Γβ)=d+1
MX+(s+,Γβ),
whose compactification is described in Proposition 4.4. Notice that the codimension one bound-
ary face of Md+1X+ (s+) consists of
∪α,β∈MY (t,η)
( ⋃
Γα,Γβ
MX+(s+,Γα)× MˆR×Y (Γα,Γβ)
)
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where Γα ∈ π−1+ (α) and Γβ ∈ π−1+ (β) with iX+(Γβ) = d + 1 and the unparametrized moduli
space MˆR×Y (Γα,Γβ) is non-empty.
Choose Λ and Ξ away from the cylindrical end [−2,∞)× Y , then the submanifold
MΛ,ΞX+ (s+,Γβ) =MΛX+(s+,Γβ) ∩MΞX+(s+,Γβ)
is a smooth oriented 1-manifold whose boundary consists of
∪α∈MY (t,η)
⋃
Γα∈π
−1
+ (α),iX+ (Γα)=d
MΛ,ΞX+ (s+,Γα)× MˆR×Y (Γα,Γβ).
The counting of boundary points with sign yields
∑
α∈MY (t,η)
∑
Γα∈π
−1
+ (α),iX+ (Γα)=d
SWX+(s+, z,Γα)#
(MˆR×Y (Γα,Γβ)) = 0.
Note that #
(MˆR×Y (Γα,Γβ)) is the coefficient of Γβ in ∂Im(i∗+)(Γα), this shows that
∂Im(i
∗
+)(SWX+(s+, z)) = 0.
To establish the independence of [SWX+(s+, z)], as an element in HF
SW
d,[Im(i∗+)]
(Y, t) on the
choice of metric and perturbation on X+(∞), we need to study the family version of moduli
spaces interpolating between MX+(s+, g0, ω0) and MX+(s+, g1, ω1).
Choose Λ and Ξ away from the cylindrical end [−2,∞) × Y , then Proposition 4.5 implies
that,
SWX+(s+, z, g0, ω0)− SWX+(s+, z, g1, ω1)
=
∑
α0,α∈MY (t,η)
∑
Γα0 ,Γα
HΓα0nΓα0Γα < Γα >,
where Γα0 ∈ π−1+ (α0) with iX+(Γα0) = d − 1 and Γα ∈ π−1+ (α) with iX+(Γα),
nΓαΓβ = #
(MˆR×Y (Γα0 ,Γα)), and HΓα0 is the counting of the points ([A,Ψ], t) in
MFd−1(Γα0) = ∪t∈[0,1]MX+(s+,Γα0 , gt, ωt) satisfying
1. [A,Ψ] ∈MX+(s+,Γα0 , gt, ωt) such that Ψ(xi) ∈ Lxi for each (xi, Lxi) ∈ Λ,
2. hΞ([A,Ψ]) = q for a generic q ∈ U(1)l.
Proposition 4.5 implies that HΓα0 is well-defined, and
∑
α0,α∈MY (t,η)
∑
Γα0 ,Γα
HΓα0nΓα0Γα < Γα >
is a boundary chain element, hence, SWX+(s+, z, g0, ω0) and SWX+(s+, z, g1, ω1) define the
same element in HFSW∗,[Im(i∗+)]
(Y, t).
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To summarize, we have defined a relative Seiberg-Witten invariant as the following linear
functional:
SWX+(s+, ·) : A(X+) −→ HFSW∗,[Im(i∗+)](Y, t)
z 7→ [SWX+(s+, z)].
(58)
[SWX+(s+, z)] has an representative written as in (57).
Notice that there is a homomorphism (i+)∗ : A(Y )→ A(X), which induces an action of A(Y )
on A(X). Then it is evident that from the definition of the action of A(Y ) on HFSW∗,[Im(i∗+)]
(Y, t)
and the definition of the relative invariant, SWX+(s+, ·) in (58) is A(Y )-equivariant, in the sense
that,
[SWX+(s+, (i+)∗(γ)z)] = γ[SWX+(s+, z)],
for any γ ∈ A(Y ) and z ∈ A(X).
Remark 4.7. The definition of the relative Seiberg-Witten invariant can be generalized to the
case that X+ has several boundary components. For example, if ∂(X+) = (−Y1) ∪ Y2, let s+
be a Spinc structure on X+ whose restrictions to the boundary manifolds are non-torsion Spin
c
structures t1 and t2 respectively. Let i1 and i2 be the boundary embedding map, Im(i
∗
1) and
Im(i∗2) be the range of the induced maps on H
1(X+,Z). Endowing X+ with a complete metric
such that X+(∞) is a cylindrical-end manifold modelled on (−∞, 2]× Y1 ∪ [2,∞)× Y2, then we
can define a relative Seiberg-Witten invariant for (X+, s+):
SWX+(s+, ·) : A(X+) −→ HFSW∗,[Im(i∗1)](−Y1,−t1)⊗HF
SW
∗,[Im(i∗2)]
(Y2, t2).
In other words, for any z ∈ A(X+), SWX+(s+, z) defines a homomorphism from
HFSW∗,[Im(i∗1)]
(Y1, t1) to HF
SW
∗,[Im(i∗2)]
(Y2, t2) using the natural pairing between HF
SW
∗,[Im(i∗1)]
(Y1, t1)
and HFSW∗,[Im(i∗1)]
(−Y1,−t1).
4.3 Gluing formulae for the Seiberg-Witten invariants
Consider a closed 4-manifold (X, s) with b+2 ≥ 1 and a Spinc structure s. Suppose that X
has a decomposition X+ ∪Y X+ along a 3-dimensional submanifold Y where b1(Y ) > 0 and
t = s|Y is non-torsion. In this subsection we will develop a gluing theorem for the moduli space
of the Seiberg-Witten monopoles on (X, s) in terms of the the moduli spaces for the Seiberg-
Witten monopoles on (X±, s±) with s± = s|X± . Let i± be the boundary embedding maps from
X± → X , and let Im(i∗±) be the range of the map i∗± : H1(X±,Z)→ H1(Y,Z).
The set of Spinc structures onX which agree with s± when restricted to X± is an affine space
over H1(Y,Z)/(Im(i∗+) + Im(i
∗
−)). Denote this set of Spin
c structures on X by Spinc(X, s±).
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Note that Spinc(X, s±) can be obtained by gluing the Spin
c structures s± on X± along Y using
gauge transformations on (Y, t). The equivalent classes of Spinc structures, obtained in this way,
are classified by the connected components of H1(Y,Z)/(Im(i∗+)+Im(i
∗
−)). Denote by s+#us−
the resulting Spinc structure on X obtained by gluing s± using the gauge transformation u,
then
Spinc(X, s±) = {s+#us−|u ∈ GY , [u] ∈ H1(Y,Z)/(Im(i∗+) + Im(i∗−))}.
Consider a family of metrics {gR}R>0 on X such that for each X(R) = (X, gR), there is an
isometrically embedded submanifold ([−R− 2, R+2]× Y, dt2+ gY ). There are two 4-manifolds
X±(R) obtained by X(R) = X+(R) ∪X−(R). As R → ∞, X(R) has a geometric limit, which
are 4-manifolds with cylindrical ends, denoted by X±(∞).
In the previous Subsection, we defined relative Seiberg-Witten invariants for (X±(∞), s±)
using the finite energy moduli spaces of the perturbed Seiberg-Witten equations on (X±(∞), s±).
These relative Seiberg-Witten invariants are A(Y )-equivariant linear functionals:
SWX±(s±, ·) : A(X±) −→ HFSW∗,[Im(i∗
±
)](±Y,±t).
Fix an orientation on the line ΛtopH1(X,R) ⊗ ΛtopH2,+(X,R) which is induced
from tensoring the orientations on ΛtopH1(X+(0), Y ;R) ⊗ ΛtopH2,+(X+(0), Y ;R) and
ΛtopH1(X−(0), Y ;R)⊗ΛtopH2,+(X−(0), Y ;R). When b+2 = 1, we also need to fix an orientation
on the lineH2,+(X,R) such that c1(s)·ω+ > 0 for an oriented generator ω+ ofH2,+(X,R). Then
there is a Seiberg-Witten invariant as defined by Taubes in [34], which is a linear functional:
SWX(s, ·) : A(X) −→ Z,
where A(X) = Sym∗(H0(X,Z)) ⊗ Λ∗(H1(X,Z)/Torsion) is the free graded algebra generated
by the class of elements in H0(X,Z) and H1(X,Z) with degree 2 and 1 respectively.
On (X(R), s) for s ∈ Spinc(X, s±), consider the following perturbed Seiberg-Witten equa-
tions for a pair consisting of a U(1)-connection A on det(s) and a spinor section Ψ in W+:


F+
A
= q(Ψ,Ψ) + ω+ + ω− + χ(η+ + p+
A
)
/DAΨ = χpΨ
(59)
where we use the following notation.
• ω± are imaginary valued self-dual 2-forms on X±(0) with compact support in a non-empty
open set such that Proposition 4.2 and Proposition 4.4 hold for the finite energy moduli spaces
for (X±(∞), s±).
• (η+ + p+
A
, pΨ) is the perturbation of the Seiberg-Witten equations on [−2,∞)× Y as written
in (30) (where η and p satisfy Remark (3.4)and Condition (3.12)), and
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• χ is a cut-off function on X(R) which is 1 on [−R,R]× Y and 0 on X±(−2).
The moduli space of the Seiberg-Witten monopoles on (X(R), s), denoted by MX(R)(s), is
the quotient of the set of smooth solutions to the above perturbed Seiberg-Witten equations (59)
by the action of gauge group C∞(X(R), U(1)). Then (Cf.[15][23]) for generic ω±, MX(R)(s), if
non-empty, is a compact, oriented and smooth manifold of dimension given by
dX(s) =
1
4
(c1(s)
2 − (2χ(X) + 3σ(X))) ≥ 0.
Any solution (A,Ψ) to the perturbed Seiberg-Witten equations (59), when restricted to
[−R,R]×Y , is gauge equivalent to a path of gradient flowlines of Cη,p on AY . Denote this asso-
ciated path of flowlines by γ(t) = (A(t), ψ(t)), then the next lemma ensures that the variation
of Cη,p along the associated path γ(t) is uniformly bounded.
Lemma 4.8. There is a constant E independent of R such that for any solution (A,Ψ) to the
perturbed Seiberg-Witten equations (59) on (X(R), s), the variation of Cη,p along the associated
path of gradient flowlines γ(t) = (A(t), ψ(t)) is uniformly bounded by E, that is
|Cη,p(γ(−R))− Cη,p(γ(R))| ≤ E.
Proof. From Lemma 3.14, we only need to show that |C(γ(−R)) − C(γ(R))| is uniformly
bounded. Note that
0 ≤ C(γ(−R))− C(γ(R))
=
1
2
∫
[R1,R2]×Y
FA ∧ FA +
∫
∂X+(0)
< ψ, /∂Aψ > dvolY −
∫
∂X−(0)
< ψ, /∂Aψ > dvolY .
A standard application of the Weitzenbo¨ck formulae implies that, there is a uniform pointwise
bound for |Ψ|. Hence there is a uniform pointwise bound for |F+
A
| independent of R and (A,Ψ),
from which, with the aid of the perturbed Seiberg-Witten equations, we obtain a uniform bound
for ∫
∂X+(0)
< ψ, /∂Aψ > dvolY and
∫
∂X−(0)
< ψ, /∂Aψ > dvolY .
Hence, there is a constant C > 0 such that
1
2
∫
[−R,R]×Y
FA ∧ FA ≥ −C. (60)
Notice that there is an identity
1
4π2
< c1(s)
2, [X ] >
= −
∫
X(R)
FA ∧ FA
= ‖F+
A
‖2L2(X+(0)∪X−(0)) − ‖F
−
A
‖2L2(X+(0)∪X−(0)) −
∫
[−R,R]×Y
FA ∧ FA.
(61)
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From (60) and (61), we know that ‖F−
A
‖2L2(X+(0)∪X−(0)) is uniformly bounded, which in turn
implies that
|1
2
∫
[−R,R]×Y
FA ∧ FA|
is also uniformly bounded. This completes the proof of the lemma.
An immediate consequence of the above finite energy lemma concerning any solution to the
perturbed Seiberg-Witten equations (59) is the following geometric limit theorem as R→∞.
Theorem 4.9. Let (AR,ΨR) be a solution to the perturbed Seiberg-Witten equations (59) on
(X(R), s) for s ∈ Spinc(X, s±), then there is a finite integer k ≥ 0 such that as R → ∞, there
exists a subsequence of (AR,ΨR) which converges in L
2
2,loc-topology to
{(A+,Ψ+), (A1,Ψ1), (A2,Ψ2), · · · (Ak,Ψk), (A−,Ψ−)}
with compatible boundary asymptotic limits in the sense of section 6.2 in [24]. Here (A±,Ψ±)
are solutions to the perturbed Seiberg-Witten equations (49) on (X±(∞), s±), and (Ai,Ψi)′s are
solutions to the perturbed Seiberg-Witten equations (30) on (R× Y, t).
Proof. When restricted to [−R,R] × Y ⊂ X(R), (AR,ΨR) is gauge equivalent to a path
γR(t) = (A(t), ψ(t)) (t ∈ [−R,R] which is a gradient flowline of Cη,p on AY with uniformly
bounded energy. Introduce the following function on [−R,R]
fR(t) = ‖∇Cη,p(γR(t)‖2L2(Y )
Then
∫ R
−R
fR(t)dt is uniformly bounded. The argument in [15] can be employed here to show
that as R →∞, there is at least one point t0 ∈ R such that the geometric limit of fR vanishes
at t0, hence the geometric limit of (AR,ΨR) splits into two solutions to the perturbed Seiberg-
Witten equations (49) on (X±(∞), s±). Following the procedures in the proof of Theorem 4.1
in [20], there exists a subsequence of {(AR,ΨR)}R which converges in L22,loc-topology to
{(A+,Ψ+), (A1,Ψ1), (A2,Ψ2), · · · (Ak,Ψk), (A−,Ψ−)}
with the properties as claimed in the theorem. The upper bound on k follows from the uniformly
bounded energy for {(AR,ΨR)}R.
The standard gluing argument shows that any sequence of solutions with compatible asymp-
totic limits can be glued to produce a solution to the perturbed Seiberg-Witten equations (59)
on (X(R), s) for a sufficiently large R and some s ∈ Spinc(X, s±). In order to formulate this
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gluing theorem, we briefly discuss various gluing models by studying the asymptotic limit maps
for the moduli spaces on (X±(∞), s±).
The moduli spaces MX±(s±) are described in Proposition 4.2 and Proposition 4.4, in par-
ticular, there are two asymptotic limit maps:
∂±∞ : MX±(s±) −→MY,X±(t, η)
where MY,X±(t, η) are covering spaces of MY (t, η) with fibers consisting of H1(Y,Z)/Im(i∗±)-
homogeneous spaces. Recall thatMY,X±(t, η) andMY,X are the moduli spaces of 3-dimensional
monopoles on (Y, t) modulo those gauge transformations which can be extended to X± and X
respectively.
Denote byMY,+/− the equivalent classes of 3-dimensional monopoles on (Y, t) under the ac-
tion of gauge transformations on det(t) which can be extended to either X+ orX− (not necessar-
ily both). ThenMY,+/− is a covering space ofMY (t, η) with fiber aH1(Y,Z)/(Im(i∗+)+Im(i∗−))
homogeneous space. Hence, there is an action of H1(Y,Z)/(Im(i∗+) + Im(i
∗
−)) on MY,+/−,
this action defines an action of H1(Y,Z)/(Im(i∗+) + Im(i
∗
−)) on HF
SW
∗,[Im(i∗+)+Im(i
∗
−
)](Y, η),
that is, for any [u] ∈ H1(Y,Z)/(Im(i∗+) + Im(i∗−)), there is an A(Y )-equivariant homo-
morphism on HFSW∗,[Im(i∗+)+Im(i∗−)]
(Y, η) which decreases degree in HFSW∗,[Im(i∗+)+Im(i∗−)]
(Y, η) by
< [u] ∧ c1(η), [Y ] >.
The following commutative diagram illustrates the relationship between these covering spaces
ofMY (t, η) (the structure groups of covering spaces overMY (t, η) are given by Diagram (5) in
the Introduction):
MY,X+(t, η)
ր
π+
ց
MY,X(t, η) −→ MY,+/−(t, η)
ց
π−
ր
MY,X−(t, η)
. (62)
The compositions of π± with ∂
±
∞ give rise to the following asymptotic limit maps:
π± ◦ ∂±∞ : MX±(s±) −→MY,+/−(t, η).
Denote by MX±,X(s±) the moduli spaces of solutions to the perturbed Seiberg-Witten equa-
tions (49) on (X±(∞), s±) modulo those gauge transformations on (X±(∞), s±) which can be
extended to X .
The following gluing theorem establishes that for a sufficiently large R, the moduli space
MX(R)(s) for any s ∈ Spinc(X, s±) can be obtained by gluing certain components of the moduli
spaces MX±(s±) on the cylindrical-end 4-manifolds (X±(∞), s±).
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Theorem 4.10. For any Spinc structure s = s+#us− ∈ Spinc(X, s±) with u represents a gauge
class in H1(Y,Z)/(Im(i∗+)+ Im(i
∗
−)), there is a sufficiently large R0 such that for any R > R0,
there exists the following orientation preserving diffeomorphism
MX(R)(s) ∼= [u]
(MX+(s+))×MY,+/−(t,η)MX−(s−).
Here [u]
(MX+(s+))×MY,+/−(t,η)MX−(s−) is the fiber product ofMX+(s+) andMX−(s−) over
MY,+/−(t, η) with resepct to the maps [u] ◦ π+ ◦ ∂+∞ and π− ◦ ∂−∞ respectively.
Proof. We only give the proof for [u] = 0 in H1(Y,Z)/(Im(i∗+) + Im(i
∗
−)) here. Then
s = s+#s− is the Spin
c structure obtained by gluing the Spinc structures s± long Y using a
gauge transformation which extends to either X+ or X−. The proof for general [u] is similar.
Given Theorem 4.9 and Proposition 4.4, we only need to prove that for a sufficiently large
R, there exists an embedding
MX+(s+)×MY,+/−(t,η)MX−(s−) −→
⋃
s∈Spinc(X,s±)
MX(R)(s).
The actual gluing procedure is fairly standard, see Theorem 4.9 in [20] (Cf. [29] and [12] in the
instanton case) for the detailed gluing argument. Here we just set the stage in our case and
leave the details to the reader.
Let ([A+,Ψ+], [A−,Ψ−]) ∈MX+(s+)×MY,+/−(t,η)MX−(s−), then we can choose two repre-
sentatives, still denoted by (A+,Ψ+) and (A−,Ψ−) respectively. Then from Proposition 4.1 and
Proposition 4.2, we know that (A±,Ψ±) are solutions to the perturbed Seiberg-Witten equa-
tions (49) on (X±(∞), s±), decaying exponentially in the C2-topology to (A±, ψ±) (solutions
to the perturbed Seiberg-Witten equations (9) on (Y, t)) and that the cokernels of the operators
D(A±,Ψ±) (53) are trivial.
As
π+ ◦ ∂+∞([A+,Ψ+]) = π− ◦ ∂−∞([A−,Ψ−])
there exists a gauge transformation in C∞(Y, U(1)) with [g] ∈ Im(i∗+) + Im(i∗−) such that
(A+, ψ+) = g(A−, ψ−). As [g] ∈ Im(i∗+) + Im(i∗−) then g can be extended to either X+ or X−.
Suppose that [g] ∈ Im(i∗+). Let g also represent the extended gauge transformation on
X+(∞). Apply the gluing argument to the element (g−1(A+,Ψ+), (A−,Ψ−)) as in section
4.2 of [20]. Then for each sufficiently large R, there is a unique solution to the perturbed
Seiberg-Witten equations (59) on X(R) with some Spinc structure in Spinc(X, s±). Write
g−1(A+,Ψ+)#R(A−,Ψ−) for the resulting monopole on X(R). If [g] ∈ Im(i∗−), then the same
procedure yields a unique monopole (A+,Ψ+)#Rg(A−,Ψ−). Notice that
g−1(A+,Ψ+)#R(A−,Ψ−) = (A+,Ψ+)#Rg(A−,Ψ−)
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if and only if [g] ∈ Im(i∗+) ∩ Im(i∗−). This completes the sketch of the proof.
Notice that all the groups Im(i∗±), Im(i
∗
+) ∩ Im(i∗−) and Im(i∗+) + Im(i∗−) are subgroups
of Ker(c1(t)), hence, there is an induced commutative diagram of A(Y )-equivariant homomor-
phisms on the corresponding Seiberg-Witten-Floer homologies:
HFSW∗,[Im(i∗+)]
(Y, t)
ր
π+
ց
HFSW∗,[Im(i∗+)∩Im(i∗−)]
(Y, t) HFSW∗,[Im(i∗+)+Im(i∗−)]
(Y, t)
ց
π−
ր
HFSW∗,[Im(i∗
−
)](Y, t).
(63)
Recall that the relative invariants SWX±(s±, ·) take values in HFSW∗,[Im(i∗+)](Y, t) and
HFSW∗,[Im(i∗
−
)](−Y,−t) respectively. Under the homomorphism π± in (63), π±(SWX±(s±, ·)) take
values in
HFSW∗,[Im(i∗+)+Im(i∗−)](Y, t) and HF
SW
∗,[Im(i∗+)+Im(i
∗
−
)](−Y,−t)
respectively.
From the definition of the relative invariants SWX±(s±, ·) and the definition of the Seiberg-
Witten invariant for (X(R), s) with s = s+#[u]s− ∈ Spinc(X, s±), Theorem 4.10 implies the
following gluing formula.
Theorem 4.11. Suppose that X is a closed 4-manifold with b+2 ≥ 1, which splits along a closed
3-manifold (Y, t) with b1(Y ) > 0 and c1(t) is non-torsion. Suppose that there are Spin
c structures
s+ and s− on X+ and X− respectively such that s+|Y = s−|Y = t. Then for a Spinc structure
s = s+#[u]s− in Spin
c(X, s±), where [u] ∈ H1(Y,Z)/(Im(i∗+) + Im(i∗−)), we have the following
gluing formula for the Seiberg-Witten invariants:
SWX(s, z+z−) = 〈[u]
(
π+(SWX+(s+, z+))
)
, π−(SWX− (s−, z−))〉 (64)
where [u] acts on HFSW
∗,[Im(i∗+)+Im(i
∗
−
)](−Y,−t) as in Remark 3.27, π± are the induced A(Y )-
equivariant homomorphisms from Im(i∗±) ⊆ Im(i∗+) + Im(i∗−) (see Diagram (63)), and 〈, 〉 is
the pairing on
HFSW∗,[Im(i∗+)+Im(i∗−)]
(Y, t)×HFSW
∗,[Im(i∗+)+Im(i
∗
−
)](−Y,−t),
with the degrees in HFSW
∗,[Im(i∗+)+Im(i
∗
−
)](−Y,−t) shifted by
dX(s) =
1
4
(c1(s)
2 − (2χ(X) + 3σ(X))) = deg(z1) + deg(z2),
and z± ∈ A(X±). When b+2 = 1, the Seiberg-Witten invariants SWX(s, ·) is defined with a fixed
orientation on H2,+(X,R) such that c1(s) ·ω+ > 0 for an oriented generator ω+ of H2,+(X,R).
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Note that SWX(s, z1z2) = 0 for any s with dX(s) 6= deg(z1) + deg(z2), and
S = {s ∈ Spinc(X, s±) : dX(s) = deg(z1) + deg(z2)}
is an affine space over
Ker(c1(t))
Im(i∗+) + Im(i
∗
−)
. Summing the gluing formulae (64) over all Spinc
structures in Spinc(X, s±), we obtain that
∑
s∈S
SWX(s, z+z−) = 〈(π(SWX+ (s+, z+)), π(SWX− (s−, z−))〉. (65)
Here π is the map (Cf. (45) ) from HFSW∗,[Im(i∗
±
)](±Y,±η) to
HFSW∗,[Ker(c1(η))](±Y,±η) ∼= HFSW∗ (±Y,±η),
under the periodicity map (43), π(SWX± (s±, z±)) take values in HF
SW
∗ (±Y,±t), and the right
hand side of (65) the natural pairing on
HFSW∗ (Y, t)×HFSW∗ (−Y,−t).
In particular, in the case of Im(i∗+) + Im(i
∗
−) = Ker(c1(t)), the left hand side of (65) has at
most one term.
As an application of these gluing formulae, we briefly mention some results in [26]. Applying
the gluing theorem, Mun˜oz and Wang obtained a ring structure onHFSW∗ (Σg×S1, sr) where Σg
is a closed surface of genus g ≥ 1 and sr is the Spinc structure on Σg×S1 with c1(sr) = 2rPD(S1)
(−(g−1) ≤ r ≤ g−1). Note thatKer(c1(sr)) = H1(Σg,Z) andH1(Σg×S1,Z)/Ker(c1(sr)) ∼= Z.
Set d = g− 1− |r|, we only discuss the case of r 6= 0 here. Denote by sr also the Spinc structure
on Σg × D2 with c1(sr) = 2rPD([pt × D2]), where D2 is a 2-dimensional disc. The relative
invariants for Σg ×D2 define a map
A(Σg ×D2) = A(Σg) −→ HFSW∗ (Σg × S1, sr)
z 7→ SWΣg×D2(sr, z).
Then the gluing theorem (Theorem 4.11) tells us that
〈SWΣg×D2(sr, z1), SWΣg×D2(sr, z2)〉 =
∑
n∈Z
SWΣg×S2(sr + nPD(Σg), z1z2),
for any z1, z2 ∈ A(Σg). For dimensional reasons there is at most one n ∈ Z such that
SWΣg×S2(sr + 2nPD([Σg]), z1z2) is non-zero. If deg(z1) + deg(z2) = 2d, then
〈SWΣg×D2(sr, z1), SWΣg×D2(sr, z2)〉 = 〈z1z2, [Symd(Σg)]〉.
These pairing, along with others in [26], can be used to study the structure ofHFSW∗ (Σg×S1, sr),
see [26] for explicit calculations.
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